Alford/35

The Mathematics of Contra Dancing
Christin Dorathy Alford

March 29, 2006

Dancing is seldom thought of as very mathematical. There are, however, certain types of dances that can be modeled using math. One such dance that lends itself to a mathematical analysis is contra dancing. A contra dance is where the dancers stand in two parallel lines, each dancer facing his or her partner. The dance consists of various patterns which are repeated as the dancers travel either “up” or “down” the line (Gunzenhauser 58). The movements that the dancers perform can be represented by multiplying a matrix by other matrices in order to manipulate the entries or “dancers”. This paper will explore how it is possible to model dancing with matrices and the differences that arise from modeling various dances. Also the usefulness and quality of the matrix models will be examined. Before explaining this method of modeling some explanation of contra dancing and matrices is needed. 


Contra dancing began in England. It was developed from English country dances and was “influenced by the music and dance traditions of Scotland, Ireland, and France” (Dart 6). “The first source of English country dances that appeared in print was John Playford’s The English Dancing Master: or Plaine and Easie Rules for the Dancing of Country Dances, with the Tune to each Dance, published in 1651” (Dart 6). This book contained 105 dances, some of which were called longways dances and are similar to contra dances. A series of these books was published and the rise in popularity of the longways dance was such that in the first book approximately thirty-six percent of the dances were longways dances, while in the 1728 volume ninety-eight percent of the dances were longways dances. As the longways dance become popular in England it was brought to France. The French, especially the dancing masters, did not think much of the longways dances. “The whole art of these contredanses is in tossing the body about, twisting and turning, tapping their feet like clog dancers, and taking up positions which are not even decent” (Sachs 421). The dances did become popular with the people of France however, and the dancing masters did their best to refine the dances. France is where some believe the name contra dance began to be used. In France the longways dance was referred to as a “contre-danse”. Contre in French means against, this refers to the nature of the contra dance, where the dancers stand opposite their partners. This was later translated from French into English as a “contra dance”. According to other sources however, longways dances had been referred to as country dances long before contra dances were done in France, and thus the term contra is a shortened version of country (Holden 3). Contra dancing was also influenced by some of the steps of Scottish reels and by the music of Ireland (Dart 6). Most of the “tunes to which these dances are done are popular old Irish and Scottish jigs, reels and hornpipes, or obvious variations of them” (Burchenal vi).


These dances were brought to America with the colonists. “Because most of the early settlers in the New England area were from the British Isles, the longways formation dances became particularly strongly entrenched in that area, where they survived in small communities long after they had ceased to be danced in other parts of the country” (Dart 7). The American Revolution surprisingly did not affect contra dancing. Due to the alliance with France, contra dancing was refined even more by the French dancing masters. After the war of 1812, however, people refused to dance English dances and the French square dances increased in popularity. Contra dancing is different from square dancing because instead of simply dancing with four couples which is characteristic of square dances, in contra dancing “As the dance progresses, everyone eventually dances with everyone else” (Briggs 1). In New England, where there was a smaller amount of anti-British sentiment, contra dances were still performed. Eventually people began to take an interest in old fashioned styles of dancing, for example: “Henry Ford, concerned about the evils of jazz” wrote a book in 1926 called “Good Morning: After a Sleep of Twenty-five Years, Old-Fashioned Dancing is Being Revived by Mr. & Mrs. Henry Ford” (Dart 11). In 1955 a book, written by Ricky Holden, was published that contained all of the contra dances which could be found in the United States. Now, in the 21st century, contra dancing has a large following, including at least four hundred country dance groups in the United States (Dart 6-13). Stylistically the dances have changed over the years. In the past contra dances were not called or prompted by another person. One of the couples “was responsible for starting the figures, and the other couples fell in with their lead” (Briggs 2). This required the dancers to have the various dances memorized. This is not the case in contra dances performed today. Similar to square dances, a caller yells out the steps to the dancers a few counts before each step. This is probably due to contra dances not being one of the main forms of entertainment as they were in the past and the large variety of contras that there are now. 


A contra dance consists of the dancers standing in two parallel lines, each of the dancers facing his or her partner. The couples are either a “one” or a “two”. Different sources will sometimes refer to these dancers as “active” or “inactive” because often the “active” or “one” dancers would dance much more than the “inactive” or “two” dancers. “The real fun in contras is to be active and the only reason you ever stand for being inactive is so people will dance with you when you get to be active. Older directions often restrict sets to just six couples since, if there are 20 or 30 couples, it takes a long time for all the inactive couples to work up to the head and be active” (Holden 3). In more recent times however, the popular dances are those where both sets of dancers are dancing at the same time (for example, the Fairfield Fancy, see page 6). In a contra the “ones” move down the line while the “twos” move up the line. The top is the end of the set where the music and caller are located. Thus to move up the line is to move closer to the caller and the music. The bottom is the end of the set farthest from the caller. Thus to move down the line is to move farther away from the caller. When a “one” couple comes to the end of the line they wait out one dance sequence and become “twos”, they then join the dance moving up the line. When a “two” couple comes to the end of the line they wait out one dance sequence and become “ones”, they then join the dance moving down the line. If all of the males stand in the line on the right and the females stand in the line on the left it is called a proper contra (see the diagram below). If the males and females are organized every other one, starting with a female on the right, and starting with her partner, a male, on the left, it is called an improper contra (the person on the females right would be male and the person on the males left would be female).


[image: image1]
In general the “ones” dance with the couple below them and the “twos” dance with the couple above them. If a dancer is a “one” on the left, the dancer below them is the “two” on their left, remember that the dancers face their partner standing opposite of them. If a dancer is a “one” on the right, the dancer below them is the “two” on their right. This can be seen in the above picture, the brackets show which couples will be dancing together for one sequence of the dance. The two couples connected by the brackets are often referred to as neighbors. 

The best way to understand a contra dance without actually seeing it is to explain it with diagrams. Before this is done certain dance terms need to be defined. A set is the group of dancers. In a dosido “two facing dancers go forward, passing each other by the right shoulder, continue sideways past each other back to back, and then backwards to their original place, passing left shoulders, without turning around” (Gunzenhauser 210). In a ladies chain “the two ladies give right hands…pass by each other…and give their left hands to each other’s partners (the gent offering his left hand palm up). The gent puts his right arm around the lady’s waist….In this position, they turn around…with the lady going forward and the gent backwards…to end facing the other couple” (Gunzenhauser 214). If two ladies’ chains are done in a row, the dancers end up back with their partners. In an arch two dancers who are holding hands lift their arms so that two other dancers can duck under the dancer’s arms.
A good beginning dance is the Fairfield Fancy. This dance is an improper contra. 

1. Everyone dosido their neighbor
    2. Everyone dosido their partner
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3. The groups of four join hands            4. They then circle back to the right

     and circle left
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5. As the “twos” return to their                  6. They walk down the center

    original position they drop hands           and then the “twos” come in towards each 

    with each other and form a line              other, take hands and go through arch

    (facing down the set)
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7. The “ones” and “twos” are now back         8. Each couple does two ladies chains

    to back. They all move up the set.              With the couple they are now facing


[image: image5]
At this point the dance repeats itself, except the couples on the ends sit out for the next round and before they begin the third round the man and lady switch places and they switch numbers. When a couple sits out they remain in their places without moving until it is time for them to begin dancing again. If they did not do this the dancers would be in the wrong spots for the third round (see below).


[image: image6]
The dance becomes spoiled because after the dance is repeated the “ones” and “twos” that were dancing switched places. In order to keep the dance going the couples on the end must remember to switch. They also must remember that they are now traveling in the opposite direction on the line. In the third round of the dance all of the couples dance and in the fourth round the two couples which are highlighted grey will sit out and switch numbers and places. The diagram below will examine the progression of the couples highlighted in grey.


[image: image7]

The music for a contra dance is very structured. “The contra dance and the music played for the dance are structurally married” (Harris 182). Each piece of contra dance music has two parts, usually referred to as A and B. These parts have eight measures each and are played in an AABB sequence. “The sequence of dance figures known as a contra dance is as long as a tune played AABB. When the tune repeats the AABB format, so does the contra dance” (Harris 182). This set of four eight-measure parts ends up being sixty four counts. This means that each A or B has sixteen counts to it. The correct counts for the Fairfield Fancy are as follows: the first two dosidos would be performed during the first A (eight counts for each dosido). The circle left and then circle right are completed during the second A, with the dancers going out to the lines during the end of the A. During the first eight counts of the first B the dancers walk down the set in their lines and then the “twos” duck under the “ones”. For the rest of this B the dancers walk up the set. In the last B four of the couples complete two ladies chains. Traditionally this music was played by a fiddle, but a large variety of instruments are often used: “flutes, penny whistles, harmonicas, and banjos…occasionally a hammered dulcimer...piano…and guitar” (Nevell 110). These tunes  are usually in 6/8, 4/4, or 2/4 time. When a fiddle plays the music the A part “is played principally on the D and G fiddle stings while the second part is played on the A and E strings” (Holden 8).


Before relating contra dances and matrices, some explanation of matrices is needed. In text books of mathematics a matrix is defined as being a rectangular array of real numbers (Larson 535). An example of a matrix is: 
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Various operations such as addition and multiplication can be done on this matrix. In order to model contra dancing with matrices, multiplication will be used because it is possible through multiplication to manipulate the entries in a matrix and change their positions. When a two by two matrix (meaning there are two rows and two columns), called A, is multiplied by a two by two matrix, called B, the result is a two by two matrix, called C. To multiply, the entries in the top row of A are multiplied by the entries in the first column of the second matrix, B, and the results are added together to form the first entry of the new matrix, C. Then the entries in the top row of A are multiplied by the entries in the second column of B and the results are added together to form the second entry of C. This is repeated with the bottom row of A to form the third and fourth entries of C.
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An example with real numbers would look like this:
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If the order in which these two matrices are multiplied is changed the result would be:


[image: image11]
A characteristic of matrix multiplication is the identity matrix, sometimes referred to as I; when I is multiplied with another matrix, called A, the result is simply A. This is something similar to multiplying a number by one: 1*3 = 3. The identity matrix is:


[image: image12]
When this is multiplied by a different matrix it looks like this:


[image: image13]
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It can be seen above that unlike normal matrix multiplication, it does not matter which side the identity matrix is multiplied on. 

It is possible to switch the entries in the matrix around by changing the order of the numbers in the identity matrix and create an exchange matrix:


[image: image15]
Multiplying this matrix on the right switches the order of the other matrix’s columns. 


[image: image16]
Multiplying this matrix on the left switches the order of the other matrix’s rows. This information will be useful when comparing matrices to contra dancing. 


A simple way to begin looking at how contra dancing can be modeled by matrices is to look at a two by two matrix. This represents two couples, a “one” couple and a “two” couple. The gentleman will be represented by a “G” and the lady by an “L”. The matrix of the two couples for an improper contra will look like this:



[image: image17]
Earlier, the Fairfield Fancy contra dance was explained. The beginning of this dance will be represented with this simple two-by-two matrix. In the first eight counts the dancers dosido their neighbors. While the dancers move in this step, they end up in the same position that they started in. This first step can be represented like this:


[image: image18]
The dance matrix is multiplied by the identity matrix to show that something occurred, but the end result was not different from the original matrix. In the second step the dancers dosido their partners. As in the earlier step, the end position is the same as the beginning position, so the matrix is multiplied by the identity matrix again. The third and fourth steps can be represented by multiplying the identity matrix by the original matrix since the dancers walk in a circle to the left and end up in their original position; and when they turn and walk to the right they end up in their original position. Representing the dance through matrices becomes more complex at step five because the dancers form a line which can not be easily represented with this matrix notation. Since this method is mainly concerned with mapping the movement of the dancers, it is possible to skip ahead and look at where the dancers end up when they return to their two parallel lines. This occurs when the “twos” go under the “ones” arms in the arch. The original matrix is multiplied on the left by the exchange matrix.


[image: image19]
Doing this operation corresponds with step six on page seven and looks like the diagram for step seven on page eight. At this point using a two by two matrix fails in modeling the dance, because the “twos” dance with a different set of “ones”, while the earlier set of “ones” sit out for the remainder of this round and the next round. Since the minimum amount of couples recommended is six, a six by six matrix will be used to remedy this problem. 


It is necessary to have all of the zeros in order to perform some of the operations on the matrix. They do not mean anything, they are simply fillers so it can be a six by six matrix. The identity matrix for this larger matrix is similar to the one for the two-by-two matrix, only the identity matrix is now a six by six matrix (see below). 


An exchange matrix is developed for step six of the Fairfield Fancy by looking at where the dancers are and where they need to end up. Then a matrix is constructed which will move the dancers to these positions:
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When this is multiplied on the left of the original matrix this occurs:


[image: image21]
This looks the same as:




The above diagram is the result of the arch after the line (step six). At this point in the dance the dancers facing each other (see the above brackets) do two ladies chains. This means the dancers end up in the positions in which they began the ladies chains, in effect it is the same as multiplying the matrix by the identity matrix. The second round now begins. Since there are six couples, the top couple and the bottom couple sit out while the middle couples dance. The dosidos and circles are the same, everything is multiplied by the identity matrix. When the dancers perform steps five and six a different matrix must be used:
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The dancers are now in the formation that was supposed to be avoided:


[image: image23]
This is because the top and bottom dancers have not switched positions and numbers yet. 


[image: image24]
After multiplying the matrix by another exchange matrix, all of the dancers are in the right positions. The dancers are back in a formation similar to the beginning formation. In comparing the matrices to the music it becomes evident that a new matrix is used either every eight counts or every sixteen counts. When the movement only takes eight counts to finish, a matrix is used. But when the movement consists of an eight count movement that is reversed for another eight counts a matrix is not used until sixteen counts have passed. The musical pattern helps give structure to the dance and makes it easier for matrices to be applied to the dance. It is possible to understand how the dancers are moving through the dance as the matrices are multiplied by the exchange matrices. 


To see how these matrices can be used to model more, the British Grenadier (Dart 49-55) will be examined.

The dancers start in proper contra position
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1. The “ones” then travel around the outside for 8 counts and then come back to place. This takes sixteen counts total and is the first A of the music.
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 SHAPE  \* MERGEFORMAT 
[image: image27]
2. The “ones” go down the center and then back up and cast off, which means the “ones” hold the “twos” around the waist and turn around with them until they are back in line again. The result of this maneuver is that the “ones” are now in a different position so instead of the identity matrix the exchange matrix must be used. This portion is also sixteen counts. The dancers take fourteen counts to go down the center and back and then two counts to cast off. This is the second A.


[image: image28]

 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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3. The groups of four dancers make a right hand star, which is where the four people put their right hands together and walk to the left. The dancers then make a left hand star which is the same as the right hand star, only they hold their left hands together and walk to the right. Each star takes eight counts each. This is the first B.
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 SHAPE  \* MERGEFORMAT 
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4. The last step in the round is called a right and left through, “the dancers in the subset of four walk across the set passing right shoulders with their partners, turn together with their neighbors, and in like manner cross the set again and turn back to place” (Dart 54). Even though the dancers switch positions during the first part of this step they end up in their starting positions at the end so only the identity matrix is needed. This is the second B of the music and will thus take 16 counts to complete.


[image: image35]

 SHAPE  \* MERGEFORMAT 
[image: image36]
This is the end of a round. Now the top and bottom couples sit out the next round while the other couples dance. The music begins again with the AABB music pattern. The matrix transformation needed for step two will look like this (the top and bottom couples have already changed numbers):


[image: image37]
This dance is slightly easier to model than the Fairfield Fancy because it is a proper contra and the top and bottom dancers only need to switch their numbers and not their positions. Therefore in the matrix transformation the bottom dancers are multiplied by 2 to make them “twos” and the top dancers are multiplied by .5 to make them “ones”. The dance is now ready for round three. 


The French Four is another proper contra (Briggs 41). The amount of changing positions that is done by the couples makes it very interesting to examine. 

The dancers begin in the proper contra position
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1. The “ones” “take four short steps forward, ‘bobbing a bow’ on the fourth, and four steps back into line” (Briggs 41). This takes eight counts to complete; it is only the first half of A. The identity matrix represents this step. 
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 SHAPE  \* MERGEFORMAT 
[image: image40]

 SHAPE  \* MERGEFORMAT 
[image: image41]
2. The “ones” then go forward again and pass right shoulders with their partners, to cross into their partner’s spot. The “ones” continue past the line, turn to face the bottom of the set (see page five for a reminder of what the top and bottom are) walk past a “two” and step into the open spot. The remaining eight counts of the A are used in this step. Unfortunately this is where the matrix method of representing a contra dance seems to fail. There is no way to manipulate the matrix so that the dancers are now in this improper contra position. If one looks ahead to the next step, however, a way can be found to model this portion of the dance. 
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 SHAPE  \* MERGEFORMAT 
[image: image43]

 SHAPE  \* MERGEFORMAT 
[image: image44]
3. Steps one and two are repeated, except instead of turning to face the bottom of the set, the dancers walk towards the top of the set. This will take sixteen counts total, the second A. The dancers are now in the places that they started the dance in. If steps two and three are combined they can be modeled by the identity matrix.
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
[image: image47]
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 SHAPE  \* MERGEFORMAT 
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4. At this point the dance is very similar to step three of the British Grenadier (page seventeen). The “ones” go down the center and then back up and cast off which takes sixteen counts, all of the first B. The exchange matrix is also the same one that was used for the British Grenadier.
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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5. The dancers then perform a left and right through (see page nineteen) and they end up in the positions which they started this step in. This takes sixteen counts and finishes up the music pattern. 


[image: image54]
Step five is the last step of the round, the music begins the pattern again and so do the dancers except for those on the ends, they will sit out the next round. The second round of the dance will be examined below.

1. The “ones” “take four short steps forward, ‘bobbing a bow’ on the fourth, and four steps back into line” (Briggs 41). The identity matrix represents this step. 
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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2. Step two as explained on page twenty-one is repeated, the couple at the bottom of the set may have to move out of the way. 
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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3. Step three as explained on page twenty-two is repeated. Once again the identity matrix is used to represent steps two and three.
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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4. The “ones” go down the center and then back up and cast off. At this point the couples on the end switch numbers. The matrix used to model this step is the one from the British Grenadier (page seventeen).
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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[image: image69]. 

5. The dancers then perform a left and right through (see page nineteen) and they end up in the positions which they started this step in. 
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The French Four is a very different dance than the British Grenadier, but the two exchange matrices needed for the dance are the same. To make a more in depth exploration of the exchange matrices used, another improper contra will be examined, The Lady of the Lake (Burchenal 34-35). 

The dancers begin in improper contra position.
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1. Everyone balance and swing the one below. This step is much more complicated than the steps that have been mentioned previously. It begins with a balance swing step (sometimes referred to as a side to side balance). The dancers start this in a social dance position or “the gent puts his right arm around the lady’s waist, with his right hand supporting her back, and takes her right hand in his left. She places her left hand loosely on his right shoulder” (Gunzenhauser 218). Here they step forward on the right foot and swing the left foot forward as they hop slightly on the right foot. This is repeated on the left foot. Next, the buzz step is performed. The dancers move slightly so they are standing almost side to side, with right shoulder to right shoulder. Then “On the downbeats…step on the right foot, transferring full body weight and bending the knee slightly. On the upbeats, step on the left toe with the left leg extended, so that the right foot lifts slightly off the floor” (Gunzenhauser 207). This movement is similar to a child using their left foot to push a scooter. The step swing balance takes four counts and the buzz step takes twelve counts for a total of sixteen counts, which is the first A. The dancers end the balance and swing in their original positions, which means the identity matrix represents this step.
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2. The “ones” balance and swing their partners. Once again this will take sixteen counts to complete, the second A. This step is also finished in the dancers’ original positions.
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3. The “ones” finish the swing facing down the set and then walk six steps down the set. They turn on counts seven and eight and walk back up the set to cast off with the person they swung with in step 2. A total of sixteen counts are used, the first B. This is the step where the dancers switch positions. The matrix that was used to model the Fairfield Fancy (page fifteen) will be used for this step.  
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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4. The “ones” and “twos” that have been dancing as a group now complete two ladies chains which take eight counts each. As mentioned earlier, two ladies chains return the dancers to their starting positions, the identity matrix models this step.


[image: image78]
This is the end of the first round, the couples at the head and foot of the set sit out for the next round. The next round of the dance follows below:

1. Everyone balance and swing the one below
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2. The “ones” balance and swing their partners


[image: image80]
3. The “ones” finish the swing facing down the set and then walk six steps down the set. They turn and walk back up the set to cast off with the person they swung with in step 2. In order to simplify things by only needing to use one exchange matrix, the couples on the ends will switch places and change numbers during this step. The exchange matrices used on page sixteen will be combined to create one exchange matrix.
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 SHAPE  \* MERGEFORMAT 
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 SHAPE  \* MERGEFORMAT 
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4. The “ones” and “twos” that have been dancing as a group now complete two ladies chains.


[image: image85]

In all four of the dances, the Fairfield Fancy, the British Grenadier, the French Fancy, and the Lady of the Lake, the exchange matrix for the first round is exactly the same:


[image: image86]
In the second round the exchange matrix is the same for both of the improper contras, the Fairfield Fancy and the Lady of the Lake:


A different matrix is used in the second round for both of the proper contras, the British Grenadier and the French Fancy:


The only time these exchange matrices are used is when the dancers progress up or down the set. Progression is the term used to describe the moment when the “ones” and “twos” switch places. The matrix method of modeling a contra dance helps to explain this progression up and down the line. It explains what the dance is doing at the most complex part of a contra dance. The matrices show a person trying to understand the dance when they are supposed to change positions in the line. This method does lead to problems; however, it oversimplifies the dance as a whole. Steps like a dosido, a circle, and two ladies chains are lumped together and only the end result is looked at. As far as the matrices are concerned these three steps (dosidos, circles, and ladies chains) are the same, they simply mean multiplying the matrix by the identity matrix because the positions of the dancers do not change. While these steps all have the same end result, they are very different steps. Oversimplifying the dances so that they can be modeled by a matrix detracts from the creativeness of the dance. Using this matrix method explains the overall flow of the dance, but it does not come close to actually being the dance. An interesting result of the matrix models is that no matter how different the dance, the exact same matrix is used to model its progression, with a small difference for the dance being a proper contra or an improper contra. One could extrapolate from the data that every contra dance can be explained using these three exchange matrices. 
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This is a proper contra with six couples, the squares being the men, the circles the ladies
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