Dixon 24

Brittany R. Dixon 

Honors Senior Thesis

March 31, 2004

If We Can Know Music, We Can Know Math

Oftentimes, when the topic of mathematics is discussed, phrases like, “Oh, I just don’t do math,” “I know I’m not wired for math so I just generally avoid it” or “Math just isn’t for me” come up.  In actuality, it probably is.  It would be ridiculous to deny that some people have a natural gift in mathematics.  However, the gap between the genius math brain and the typical math brain is probably not as wide, nor is it as impassable as we often imagine it to be.  Most likely, the human brain is naturally wired for mathematics (this is the thesis of Brian Butterworth’s What Counts: How Every Brain is Hardwired for Math.)  Jacques Barzun stated in Teacher in America: 

Early in life, people come to think of themselves as having or not having that mysterious [mathematical] “mind,” and until recently I do not believe that anyone dared to dispute its existence.  But the belief is a superstition, and one that is largely unproductive…[T]he feeling is given that the whole system dropped down ready-made from the skies, to be used only by born jugglers.  This is what paralyzes—with few exceptions—the infant, the adolescent, or the adult who is not a juggler himself.

Many people are intimidated by math, a subject that is highly connected with our physical world.  Shouldn’t it make sense that if we exist in this world that so closely parallels mathematical models, that we should be able to understand the rules that govern it?  How then, do we get around this pandemic phobia of mathematics?  Can we find a way to make math easier to understand?  Perhaps if we could find a subject that is widely appealing and easily accessible, yet still relates closely to mathematics, we could use it as a sort of gateway to understanding math.  Music could very well be this subject.   

Over the past few decades, much research has been done on the relationship between the study of music and the study of mathematics.  Studies have shown that children who participate in a musical activity score better in math and science.
   There are plenty of different explanations as to why this is so.  Students who discipline themselves in mastering an instrument are more likely to be disciplined or even to develop discipline in other areas, like academics.  Perhaps students whose parents allow or encourage them to be involved in music are more supportive in general than other parents.  Maybe students who are naturally driven to challenge themselves in learning a new thing, like an instrument, are more likely to challenge themselves in academic areas, too.  Or perhaps there is an actual cognitive transformation that occurs in a student’s brain when they pick up a violin and scratch out a few notes every day with their fellow aspiring musicians.  Whatever the reason, it is clear that there is a direct cause and effect between the study of music and mathematical performance.  

As humans, we “study” music on two different but not completely distinct levels.  First, there is the study of music theory: relationships between harmonies, voice leading and melody studies, and overall composition practices (a purely analytical study of music and the rules that govern it).  Secondly, there is simply listening to music and judging its aesthetic value, a study that does not necessarily require training but is significantly aided by a basic understanding of the way music works.  This second type of music student is not at all a casual listener, but rather someone who has taken the time to cultivate a taste for musical beauty.  They have spent hours in contemplation of the music they have heard, and based on their reflections, they can recognize a good musical work as opposed to a poor one; they are also sensitive to the emotion that music can convey.  There is a third way we study music, in the mastery of an instrument or performance, but this can be done as simply a physical action that requires no understanding of the structure of the music itself.  Fortunately, it is rarely the case that the performer would not understand or appreciate some of the theory or aesthetics of the music they are performing; otherwise our concert-going experiences would be fairly bland.  Typically the student of music in this third category would also fall under the definition of theorist or of aesthetician.  The music theorist need not be a virtuosic performer, nor need the listener even understand the terms “Phrygian cadence” or “Neapolitan chord.”  Yet all are students of music.  

 “Students of math” are more easily and neatly identified.  Anyone who has ever reached for his or her calculator in an algebra class or puzzled over a geometry problem is a student of math.  Anyone who has considered Lobachevsky’s non-Euclidean geometry or calculated probabilities in statistics class is also a student of math.  Even those who count back your change to you in the grocery line, or those who take on the daunting task of how to feed 1150 college students in the cafeteria are students of math.  The point is: every one is a student of math.  It’s all around us, and its often intimidating “word problems” face us every day, whether we notice it or not.  Sometimes we even solve them without knowing it.  

So what makes us think that it’s so scary?  

Math cure or curse?
Jon Scieszka and Lane Smith’s book Math Curse could tell the story of many young math students.  One day Mrs. Fibonacci tells her class, “You can think of almost everything as a math problem.” The next morning one student, (whose name we never learn) wakes up and the prescription has come true: she sees everything as a math problem.  How long it will take her to brush her teeth?  What shirt should she wear?  What kind of candy should she buy?  Her “math madness,” as she calls it, becomes frantic.  On every page there are a dozen math problems, some that can be solved and others that are not even logically formed questions.  Math madness follows her into her dreams, where she is trapped in a room with equation-covered blackboards for walls, ceiling and floor.  At this point she realizes how to “escape,” and when she wakes the next morning she realizes that she has conquered her fears and now feels capable in math.  Unfortunately for this young student, her science teacher Mr. Newton soon announces that everything could be thought of as a science problem, and judging by the horrified look on the student’s face, it seems we could have a sequel: Science Curse!  

What is the purpose of Math Curse?  More importantly, what effect does it have on its audience?  According to the book jacket, the target audience is readers age six and up.  Its earliest readers are still being formally introduced to the simple concepts of addition and subtraction at the first grade level.  The illustrations on each page are quite confusing; a collage of distorted shapes and numbers dances on the page, suggesting confusion for the heroine of the book and the reader.  Even the “math problems” are sometimes unsolvable problems; sometimes they are not even “well-formed.”  Could it be that this book is less helpful than it would seem, and is in fact even harmful?

Stereotypes and fears in mathematics

Math phobia is all too common to be ignored.  It is often called by the name “math anxiety.”  The statistics suggest that anywhere from 66 to 93% of Americans are math-anxious.
  Butterworth points out that “many sufferers of mathematics anxiety meet the standard criteria for genuine phobia: it’s a learned fear, specific to the situation (doing maths), and accompanied by physiological signs such as increased heart rate, sweating, and so on.” 
  It would be natural to assume that poor performance in mathematics is linked directly to math anxiety, and of course, it is.  

Interestingly, the young student in this Math Curse is almost certainly female (with a slight stretch of the imagination her triangular dresses and dark stockings could be large baggy shirts and tight black pants).  This subtlety may not mean much but suggests an underlying cultural stereotype: girls have more difficulty in math than boys.  This is not meant to be a gender study, but these negative stereotypes have loomed over women in mathematics for years, and are just now being recognized as being present in men as well.
  Women have consistently been the subjects of studies in this area, so the research pertaining to them is naturally more abundant, and could even be extended to other demographic groups.  

In their study “A Q-Methodological Study of Women’s Subjective Perspectives on Mathematics,” Oswald and Harvey (2003) demonstrated that even when people don’t necessarily believe a stereotype, the fact that they are aware of it still affects them negatively.  Within their pool of test subjects, they found three sub-groups who had all had distinctly different math experiences.  The first group, the one they labeled “Successfully Encouraged,” viewed themselves as highly capable in math and had a low level of “math anxiety.”  These women took several more math classes in high school and college than the women in the other two groups.  Their success could have stemmed from being naturally very gifted in mathematics (possibly by means of a fortunate genetic make-up); or they might have been average in ability, yet were positively encouraged to pursue math.  

The second group of women, called “Mathematically Aversive,” viewed themselves as not very capable in math and had a significantly higher level of math anxiety.  Perhaps these women were not naturally mathematically inclined.  They could have been encouraged or discouraged, but either way they would not have been highly successful in mathematics.  

The third group, the one we are most interested in, was the “Stereotypically Discouraged” group.  These women rated themselves as somewhere between the first two groups as far as math ability and anxiety.  They were more aware of the stereotypes of math being hard or of women not succeeding in math and math-related fields, and compared to the successfully encouraged group were nowhere near as likely to pursue the study of math at higher levels.  Since they performed better in mathematics than the women in the mathematically aversive group, we can infer that they were in some degree more capable.  But although they were apparently intellectually able to succeed, they didn’t for one reason or another.  

One of the statements Oswald and Harvey asked their subjects to agree or disagree with was “I became aware of the negative math stereotype because teachers stressed that females ‘could overcome the barriers’ and do well in math.”  The third group, those who were stereotypically discouraged, strongly agreed with this statement, although to the statement “While I was always aware of the stereotype, I never thought it pertained to me, I thought I was an exception” they agreed the strongest, too.  These women were not told outright that they could not do well in math as females.  In fact, they disbelieved that the stereotypes they were aware of applied to them.  Yet they still perceived themselves as less capable in math and tended to avoid it when they could.  It seems as though the mere knowledge of a stereotype factored negatively into their mathematical success.  

In the case of Math Curse, even the seemingly harmless act of encouraging children to overcome their math fears could in fact be harmful.  Stating that there is a problem that can be overcome could cause more problems than it fixes!  In addition, the visually cluttered pages and confusing story problems add to the chaos and end up amplifying, or even generating, math anxiety that might not have been there in the first place.  

Classroom problems

Cultural and gender stereotypes are not the only obstacles that students of math come up against.  Sometimes the very process of trying to learn math can be problematic.  The classroom experience, independent of the suggestion of stereotypes, is an important factor in students’ perception of math difficulty and their own abilities in it.  Butterworth makes it clear that one of the significant factors in students shying away from mathematics is the nature of their classroom experience:  

Many people hate maths.  You may be one of them.  You may have the sense that numbers are mysterious, difficult; they may make you feel confused and uncertain.  You lack confidence that you’ve carried out a calculation correctly.  It is as if there is an unbridgeable gap between what you think you understand and what you think you ought to understand.  This ‘chasm of incomprehension’ is a direct result of your schooling.
  

When we, as students of math, don’t understand the topic we are studying, we do not succeed at it.  Without success, we feel incompetent, and, naturally, we avoid the topic, resulting in even less subsequent understanding.  

Math, perhaps more than any other subject, requires that its students understand each step of the process in order to be able to proceed.  It is “especially cumulative.”
  When one of the topics is not properly learned, whether it is the fault of the teacher, the student, or any other factors, the student is effectively crippled for the remainder of his math career.  The basic concepts of addition, subtraction, multiplication and division carry over into the concepts of fractions; fractions are an essential element in the mastery of decimals; these and the many other fundamental mathematical concepts are necessary for the studies of algebra, geometry, trigonometry, calculus, etc.  On the contrary, take the example of studying literature.  If one does not fully comprehend the themes in Romantic literature, one does not feel incapable to study Victorian literature (at least not to the same degree as with mathematics).  Mathematics seems most susceptible to sabotage if even one of its teachers does not properly guide their students through the study of mathematics.  

We’re “wired for math!”

In his essay “The Unreasonable Effectiveness of Mathematics in the Natural Sciences,” Eugene Wigner points out how remarkable it is that something as abstract as mathematics can apply to something as concrete as the paper on which this is written.  

Mathematical concepts turn up in entirely unexpected connections…the enormous usefulness of mathematics in the natural sciences is something bordering on the mysterious…The statement that the laws of nature are written in the language of mathematics was properly made three hundred years ago.
 

Since we are a part of this natural world, we are more or less “hardwired” for mathematics.  There has been significant evidence that surprisingly good arithmetic skills exist in people with little or no formal schooling.  These skills are more or less what Butterworth calls “street mathematics.”  They have been learned through practical experience.  He cites the case of “M,” a young third-grader selling coconuts on the streets of northeastern Brazil.  When asked what the price of 10 coconuts was (at the price of 35 cruzeiros each), M replied after a pause: 

Three will be one hundred and five; with three more, that will be two hundred and ten.  (Pause)  I need four more.  That is…(Pause) three hundred and fifteen…I think it is three hundred and fifty.  

What M did mentally was the following: 


Step 1: 35x3=105 

(he might have known this already by memory)

Step 2: 105+105=210 

(3+3 coconuts=6 coconuts)


Step 3: 210+105=315 

(6+3 coconuts=9 coconuts)

Step 4: 315+35=350 

(9+1 coconuts=10 coconuts)

In essence, M recognized that 10 coconuts= (3+3+3+1) coconuts.  This is real insight into mathematical properties; gained not by schoolbook methods, but by application and the recognition of relationships between values.  We would just say that to multiply the price of one coconut at 35 cruzeiros by 10, just add a zero on the end of the 35, and you have 350.  But that method seems to have little or no connection to the real world.  M’s arithmetical skills were quite developed, though he did not use conventional “school-taught” methods to calculate.  When tested in the classroom on the problem 


 35


x 4


=?

(which was presented to him in the above form ), M’s answer was quite wrong.  Although he was incorrect in his conclusion, he arrived at the answer quite logically.
  One wonders: if he had simply been asked how much 4 coconuts cost, would he have answered correctly?  Most likely, he would have.  

Victoria Bill, a teacher in Pittsburgh, is using more of a “discovery” method for mathematics with her students.  Instead of instructing them on how to do a problem, she sets them loose on it and lets them discover their own methods to solve it.  Dividing her second-grade class into groups, which were seated around separate tables, she received three different solution methods from them, all of which were correct.  The children in her classes were mostly African-American, and 70% of their families qualified for the free or subsidized lunch program, making them a demographic that is usually expected to do poorly in academics.  As a result of her methods, her students went from scoring in the 30th percentile in at the end of the first grade (their median score) to the 80th percentile at the end of second grade.  Even the student who scored the lowest in second grade was still quite improved, scoring in the 66th percentile.
  

Victoria Bill, working with Lauren Resnick of the Learning Research and Development Center at the University of Pittsburgh, calls this method “Math math.”  It requires the children to rely more on their own informal knowledge: what they have learned outside the classroom.  When they trust their own knowledge, and intuition, and they see that they can come up with the correct answer, their confidence is boosted, they are more enthusiastic about the subject, and they are more successful.  Unfortunately, many children do not think that their home-acquired knowledge matters in school.  But with Math math, the students make the connection that extra-classroom knowledge and intra-classroom knowledge are related.
  Only later on, after these students have internalized these concepts and have built up confidence is it wise to introduce the more “elegant” methods of calculation (in the case of M, for example: adding a 0 after 35 to get 10x35=350).
  

The success in mathematics that M and the Pittsburgh second-graders experienced was a direct result of making the process of mathematics inherent and personal.  The students in Ms. Bill’s class were forced to think about the math they were learning.  They connected their learning with things they already knew or had considered.  Indeed, as we learn any new subject, we search for connections to the things we already know.  Butterworth reminds us:

To have fun with arithmetic, and with maths generally, is to see the relations among different facts, different procedures, different ways of thinking.  This is how the greatest mathematicians make advances.  But it is also how the rest of us can have fun: by seeing how things fit together.  By being inventive.
 

He goes on to conclude: 

There is nothing intrinsically dull or hateful about mathematics.  It will be, and it can be, fun, as long as children understand what they are doing and feel pride of ownership in mathematical ideas.
 

Facing Math anxiety

Sheila Tobias wrote Overcoming Math Anxiety nearly 30 years ago.  Recently reprinted, it is still in use today.  It is a sort of self-help book for math-phobic adults hoping to overcome their fears.  Tobias and Butterworth both recognize that one of the crippling perceptions that math anxious individuals have is that they will automatically assume that their own thinking is not right, and that math must be harder than it seems.  This brings us back to the paradox of Math Curse: in attempting to make the problems of math friendlier to overcome, it is actually making them harder to overcome by recognizing that they are inherently terrifying in the first place, when in truth, it is simply they way they have been approached in the past.  

A math-anxious student will not rely on his own intuition.  Tobias found that when asked to solve a typical “word problem” (an aspect of mathematics that tends to be the most difficult for many people), the sufferer of math-anxiety did not even know where to begin.  When asked about the problem later by a teacher, the individual was asked if it occurred to her to solve it this way, and the teacher subsequently gave her a bit of advice.  Some times the answer was, “No, I didn’t even think of that.”  But if the student answered, “Yes,” they often also added, “But I didn’t do that because I figured that if it was in my head it was wrong.”  Tobias says she hears this answer quite a bit: too much to brush it off.  Commonly these math-anxious people will believe something to the effect of, “If it’s easy for me, it can’t be math.”  They figure that their own intuition is completely off base, and if they can’t remember the “right formula” immediately, they give up hope of figuring it out.  In actuality, mathematicians rely heavily on their own intuition and admit that without it they could not “do” mathematics.
  

Victoria Bill’s colleague Lauren Resnick states:

The failure of much of our present teaching to make a cognitive connection between children’s own math-related knowledge and the school’s version of math feeds a view held by many children that what they know does not count as mathematics.  This devaluing of their own knowledge is especially exaggerated among children from families that are traditionally alienated from schools, ones in which parents did not fare well in school and do not expect—however much they desire—their children to do well, either.  In the eyes of these children, math is what is taught in school.

We have seen that math can be made friendlier to students by allowing them to discover it for themselves.  A key element to this approach is to encourage the students simply to trust their instinct.  Yet there may be still another way of approaching this problem of “math anxiety:” through music.  The study of music would be a sort of training ground for learning mathematics.  The similarities between music and math could allow students of math—that is, everyone!—to easily make the transition to an understanding of math that is not so terrifying after all.   

The cure for the curse

What is music?  Better yet, what do we think of music?  What power does it hold over us?  Music is “an art of sound in time that expresses ideas and emotions in significant forms through the elements of rhythm, melody, harmony, and dynamics,” according to Random House.  The OED says it is “that one of the fine arts which is concerned with a view to beauty of form and the expression of emotion; also, the science of laws or principles (of melody, harmony, rhythm, etc.) by which this art is regulated…[it is] sounds in melodic or harmonic combination, whether produced by voice or instruments.”
  If you consider music on a microscopic level, each pitch is essentially a number: frequencies of vibration; music is simply an organization of these numbers.  

These definitions of music are all quite accurate.  Yet they leave one question essentially unanswered: why does it affect us so deeply?  Why are we sometimes moved to tears when we final strains of a symphony reach our ears?  Socrates recognized the power of music when he stated that rhythm and harmony have the capacity to “insinuate themselves into the inmost part of the soul.”
  Why is this? 

It is universally accepted that music has the capacity to be beautiful.  In fact, much of the music that we make or have made in the Western tradition is for beauty, whether it be for pure entertainment and enjoyment, (beauty that appeals to either public or private tastes) or for the purpose of worship (beauty that draws our hearts and minds to God).  Certainly music has the potential to be ugly, too.  But in the currently shifting views of “art,” the definitions are blurring, and even something that appears ugly could be perceived by someone to be beautiful.  

But music is more than just beautiful.  The power of music to emotionally affect us lies in its power both to be beautiful and to assert truth.  In Emblems of Mind: The Inner Life of Music and Mathematics, Edward Rothstein suggests, “...it is partly the presence of disorder and risk that gives music its power,” the risk being the chances that music takes when it asserts truths.
  Beauty “inspires a feeling that everyone should agree.”
  The argument is: if music is beautiful, then it suggests that everyone should agree. And if everyone agrees, then there is a universal truth.  Therefore, in some way, music must suggest universal truth.  

How does it suggest this truth?  Rothstein says that music uses “formal gestures” in order to “construct a world based on its own premises without referencing constantly the physical world.”
  These gestures “allow an almost formal unfolding, a series of events that are abstractly ordered, yet can be mapped into a wide variety of physical and emotional and mental worlds.”
  The important part here is the mapping from this abstract world to our tangible world.  When we recognize these mappings—these metaphorical relations—the music we hear has the power to affect us.  Music calls forth in its listeners joy, sorrow, terror, love, and a thousand more emotions common to humans around the world.  In listening to it we recall a walk in the woods, the first time we fell in love, or the death of a loved one.  We hear in the music a representation of our experiences.  

Indeed, we require a large variety of experience in order to be able to fully express and appreciate music.
  In our Western tradition, the music we produce or listen to draws on centuries of past sounds.  It is linear, it suggests associations, and it has developed in form and content to express the state of our culture now.  Max Weber, commenting on progress in the West, said that music is essentially a metaphor for Western science and progress, seeded with the ideas and efforts of past masters and moving in a decidedly forward direction.
  Even the audience’s judgment of musical beauty relies heavily on developments made in the past; their ears have been prepared by what they have heard in the past for what they are hearing now.  

As humans, we all have the ability to create music.  In their study on Hungarian people, Sagi and Vitanyi (1998) found that music production is almost certainly inherent.  They studied a group of Hungarians, and found that their subjects were internally producing music for two to three hours overall throughout the day.
  These subjects were also asked to “improvise” music over a given set of harmonies.  In producing this improvised music, the subjects of the study were both consciously and subconsciously following the conventions of the music of their culture, as much as they understood it (if the subjects had not been exposed to the more modern harmonic techniques, they were not as successful in “properly” producing a melody compared to those that had.  Sagi and Vitanyi concluded that people are “wired” to make music, regardless of their formal training.  Music production, then, is something we can all understand and instinctively do correctly on at least a baseline level.  

When a composer sits down to write music, he begins with a theme or a motive.  From here he develops the theme, composes variations on it, and eventually, towards the end, returns to stating it again.  The composer has taken an initial risk to say something new that no one had said before—to say it musically—and has proceeded to prove it, note-by-note, chord-by-chord, and phrase-by-phrase.  The composer does this by relying on the formal system in which Western music exits.  Taking his theme—say, for example, that it’s a simple melodic phrase—he first harmonizes it following the conventions of counterpoint.  Not only do the voices of the harmonies have to obey contrapuntal rules, his harmonies must proceed in an orderly and “proper” fashion.  Next, our composer may ornament his theme or vary it in other ways, such as shifting its position up or down in pitch.  Whatever he chooses to “do” with his theme will be governed and guided by our formal Western musical system.  In the end, he hopes that his audience is convinced of his assertion, and that he has supported his claim enough to make it valid.  In a sense, he has “proved” his theme, for “variation is music’s mode of argument.”
 

Our composer has taken on the task of organizing numbers—frequencies that we recognize as musical pitches.  In the end, these frequencies each hold their place in the space and time of the composition and serve a unique purpose in contributing to the overall completeness of the piece.  The melodies, harmonies and rhythms that the composer organizes for his opus could in a slightly different form be chaotic; rearrange the notes of a melody and it sounds random and choppy, or shift the harmonies even one beat from their alignment with the melody and you have a result that is pointlessly dissonant and unpleasant to hear.  When Rothstein says that disorder is a part of musical effectiveness, he does not mean senseless chaos, but rather a purposed dissonance.  In essence, everything has a place and a reason for being in the composition.  

Even now, it is possible to see how some fundamental similarities emerging between the study of music and the study of mathematics.  But in order to understand both sides of the relationship, we must consider not only “meta-music,” but “meta-mathematics” as well.  

Some meta-mathematics 

Let us consider again Wigner’s essay “The Unreasonable Effectiveness of Mathematics in the Natural Sciences.”  For some reason, “mathematical concepts turn up in entirely unexpected connections…the enormous usefulness of mathematics in the natural sciences is something bordering on the mysterious and…there is no rational explanation for it.”
  What is it that makes mathematics so pertinent to our physical world?  It may indeed be a mystery, but it may give us insight into what mathematics is actually saying.  Mathematics, says Rothstein, “stakes claims… in its disinterested contemplation, in its generality, in its attempts to define essential relations and structures, in its individuality and universality, mathematics seems to be an intellectual activity with very close connections to aesthetic judgment.” In contemplating the beautiful, we “attend to detail but only as a part of a whole; we see connections between details, create patterns…the feeling of beauty is of the universe revealed, similarity disclosed, order constructed: it seems echoed by mathematical reasoning and echoed in it.”
  Bertrand Russell writes: 

Mathematics, rightly viewed, possesses not only truth, but supreme beauty—beauty cold and austere, like that of sculpture, without appeal to any part of our weaker nature, without the gorgeous trappings of painting or music, yet sublimely pure, and capable of a stern perfection such as only the greatest art can show.  The true spirit of delight, the exaltation, the sense of being more than Man, which is the touchstone of the highest excellence, is to be found in mathematics as surely as poetry.
 

Mathematics possesses not only the capacity to state truths about our world, but a kind of “supreme beauty” as well.  

In a mathematical proof, there is a clear and directed development from the antecedent to the conclusion.  The mathematician begins with his assumptions and with a particular goal in mind: to prove a theory.  From these initial assumptions, he proceeds forward, carefully following the formal conventions in place in the structure of mathematics.  In the end the mathematician has proved his point.  He stays within the realm of the possible and allowable, although “the great mathematician fully, almost ruthlessly, exploits the domain of permissible reasoning and skirts the impermissible.”
 

In music we find beauty and truth; in math, truth and beauty.  Now that we have briefly explored both subjects separately, how well do they stack up next to each other?  

Back-to-back: music and math (by the definitions)

According to Webster’s Dictionary, math is “the systematic treatment of magnitude, relationships between figures and forms, and relations between quantities expressed symbolically.”
   We might just as easily say that in order to “master” music, one must study “the systematic treatment of dynamics, voice-leading figures and rhythm forms, and harmonic relations expressed symbolically.” 

Let’s consider the concept of “harmony” for a moment.  Most commonly used in the sense of music, harmony is “the science of the structure, relations, and practical combinations of chords.”  Referring back to the above definition of math, we could infer that in a way, mathematics possesses a certain “harmony.”  The OED gives another definition of harmony: “[it is the] combination of parts or details in accord with each other, so as to produce an aesthetically pleasing effect; [an] agreeable aspect rising from apt arrangement of parts.”
 

The “parts” of music and the “parts” of mathematics, when in the hands of a master, are aptly arranged.  Musical harmony is almost self-evident; the term is used most frequently with regard to music.  Mathematical harmony, perhaps the more elusive of the two, can be discovered when we search for an apt arrangement of its parts.  

For example, take the Golden Ratio of the Greeks.  This ratio can be calculated by considering the lines and shapes formed by inscribing a star into a regular pentagon.  The diagonals of the pentagon, that is, the five lines that make up the star, form a smaller pentagon inside themselves.  The Golden Ratio is described by the Greek mathematician Euclid as follows: “As the whole line is to the greater segment, so it the greater to the less.”
  This ratio seems like a fairly insignificant value until you begin to discover that it exists in dozens of places in nature and in pure mathematics: the curl of a nautilus shell is described by it; it is strangely related to fractions involving the square root of 5; as a multiplicative series this ratio is also an additive series (not a sum), of which the terms of the Fibonacci sequence (another mathematical concept that is elegantly related to the physical structure of sunflowers and pussy willows) are its coefficients; etc.
  The presence of the Golden ratio is almost eerie in its frequent reoccurrence in the physical world.  In the same way, we see the constants of e and pi reappearing in both nature and pure mathematics.  The parts of the natural world and of the mathematical world are “harmonically” intertwined; they are most certainly “aptly arranged.”  

On a more philosophical level, the truth and beauty we can find in mathematics and music are binding forces in our existence.  Our concept of beauty is closely connected to our concept of truth, and both are related to morality and goodness as well.  Regarding beauty, truth and morality, Immanuel Kant believed that 

the beautiful is also the symbol of the moral in a larger sense.  It encourages us to believe that nature and we ourselves are part of an even larger design.  This sense of order in a beautiful object is not translatable into a formula or a recipe (which is why Kant insists that genius is essential to artistic creativity).  This notion of a larger design, the belief in a teleology [purposiveness of things] in which every aspect of the phenomenal world has its place in a larger purpose, draws our thoughts toward a supersensible reality.
 

Viewed in this light, we can begin to understand how the two subjects can be so closely compared.  Both draw us toward universal truth and a sense of “completeness” in the universe of our experience.

Problem: solved! 

Well, music and math are connected.  So what?  It has already been shown that music students do well in mathematics.  But does the relationship between the two continue to benefit students of math and music beyond their formal schooling?  How can we apply this relationship more generally, to people from age 6 to 96?   

As Cutietta states, students who are involved in music seem to be more successful in mathematics.  But the positive effects that music has on the brains of these students seem to be more subconscious.  These students are probably not enrolling in music ensembles in order to boost their math grades or to gain a better understanding of the subject.  It would seem that the improvement in their scores more or less just happens.  

Using music to learn about math is a more proactive way of approaching the problem.  Adult students of math (outside the classroom) don’t have the chance to rewind their life experiences and enroll in clarinet lessons in third grade in order to succeed in math.  But there is something that can be done.  Sheila Tobias reminds us that 

As we grow older, our facility with language improves; we have many more mathematical concepts in our minds, developed from everyday living; we can ask more and better questions.  Why, then, do we let ourselves remain permanently ignorant of fractions of decimals or graphs?…Adults can easily pick up those dropped stitches once they decide to do something about them.
 

There is no excuse for the persistence of math anxiety in adults.  It is necessary, and certainly very possible to know math.  After all, we are all students of math!  

First, it is necessary to realize that the stereotypes that contribute to math phobia are nothing more than stereotypes: they are not prescriptions for how we should perform in mathematics (remember, we are all wired for math!).  Secondly, we need to start relying on our own intuition regarding math.  We can think of this intuition as “flashes of insight into the rational mind,” not randomly generated thoughts that pop into our heads.
  And thirdly, we need to relate it to things we know; for example: music.  Because music has wide cross-cultural appeal, we can use it as a beginning point from which we can move develop a better understanding of and appreciation for math.  

If we recall the two types of music students that we defined in earlier, we can argue that our journey into mathematics from music can start at two different places.  It may take slightly different paths, but in the end the distance from the comprehensible discipline of music and the incomprehensible discipline of mathematics will be bridged. 

The “music theory” student understands music on the level of its formal structure.  They can recognize the abstract, self-contained universe that this structure creates; they see that the operations in music are defined according to its principles.  The theory student can also see how this highly organized structure, which is described by dozens of abstract symbols, can be translated into something that is aurally, intellectually and emotionally appealing: music.  Already, we have seen that music has the power to not only be beautiful, but truthful, too.  The theory student has mastered a new habit of thinking and can navigate through the complicated harmonic and melodic workings of a composition.  

Making the shift to understanding mathematics only requires a change in formal system: the habit of mind is already in place to comprehend and master a formal system like mathematics.  All that is necessary to make the crossover is to replace music terminology with mathematical terminology.  The “proof” of a composition follows the same rhythm as a mathematical proof: theme and variation.  

The listener, who judges music aurally and has learned to recognize musical beauty and music’s connection to the world of our emotion and experience, will appreciate mathematics on its more aesthetic level.  Often times, in introductory math courses, the “harmony” of mathematics is overlooked in the interest of forcing the students through the entire curriculum outlined in the syllabus.  In most cases, the presence of mathematics in our everyday experiences is not emphasized as it could be.  If the listener can begin to appreciate that mathematics is as closely related to our physical world as music is to our emotional world, the crossover is once again simple.  

We must remember that music is not simply mathematical; it just shares some techniques and manners of thought.
  If it were, we would simply be able to write a program to compose music.  In actuality, we believe that human thought and inspiration are key to the creation of music.  It necessarily requires moments of illumination: flashes of brilliance during which the composer is “touched by the Muse” and begins to create beauty and truth.  Composers are in the business of creating an unlimited amount of beauty through their music.  Mathematics, on the other hand, also requires human inspiration, but on quite a different level.  Mathematicians are in the business of discovering beauty and truth in nature.  There also seems to be an unlimited amount of this to discover.  Great mathematicians have attested to a moment of illumination, in which everything becomes clear and they are able to solve their problems with no difficulty.
  

Thinking things together

Now that we have explored the close connections between music and mathematics, we can see that if we can know music, we can know math.  Relating mathematics to any subject we already know lets us see that it’s not so impossibly difficult after all.  We simply need to view math in a more familiar and friendlier light.  All that is required is a change in terminology and a slightly different perspective on the matter, and we are over our math fears and moving towards a confident understanding of mathematics.   

The process of connecting the studies of mathematics and music is similar to the way in which we come to know everything.  Through abstraction and connection, through the pursuit of knowledge that is “universal in its perspective but its powers are grounded in the particular…we use principles that are shared but reveal details that are distinct.”  We create laws and systems to categorize and generalize what we perceive; “this form of comprehension underlies much of western thought.”
  By realizing connections between branches of knowledge (or even of application of our knowledge to another area of our experience), we come to a more complete understanding of everything that we know.  

By using this method of seeking out connections for the purpose of gaining a better understanding of mathematics, we could relate mathematics to any number of other subjects, and essentially the result would be the same.  Music is not the only subject that we can relate math to.  But it is perhaps one of the most accessible.  Perhaps we can now see music as a starting point—maybe the best starting point—from which we can begin to understand the truths of mathematics.  
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