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Infinity: Tower of Babel or Well of Life?


Before Abraham, mankind said, “Come, let us build ourselves a city and a tower with its top in the heavens….”  But “the LORD said, ‘Behold, they are one people, and they have all one language…and nothing that they propose to do will now be impossible for them. Come, let us go down and there confuse their language….’  So the LORD dispersed them.”
  Several thousand years later, twentieth century mathematician David Hilbert avowed, “No one shall drive us out of the paradise which Cantor has created for us.”
  While the early descendants of Noah were speaking of a physical tower, Hilbert was speaking of mathematics in its pure conceptual form.  But both yearned for the infinite, that “eternity” which God has put “into man's heart, yet so that he cannot find out what God has done from the beginning to the end.”
  Noah’s children failed; but what about mathematics?  What exactly had mathematics accomplished?  What was the gruelling process it endured over the course of more than 2000 years?  How was this process connected to the idea of infinity in philosophy, cosmology, and religion?  What kind of diversity of opinion is there concerning infinity, and who is right?  Finally, how does man’s view of infinity, and his attempts to understand or attain it, affect his worldview and even his soul?  The aim of this paper is to determine what infinity is, where—if anywhere—it exists, and what impact it has on religion, math, science, and man himself.  The method is historical and interdisciplinary, tracing the chronological development of the idea of infinity by looking at it through the lenses of mathematics, philosophy, cosmology, and religion.

I.  Greeks


The Greeks began the search for infinity.
  Before the Greeks, the Indians and Chinese had notions of the infinite, but they did not try to conceptualize it.  The East had an “abstract awareness” of Infinity, but the Greeks put it to use as a “prolific tool for acquiring knowledge of reality.”
  This occurred, first, because the Greeks introduced the concept of infinity into their cosmology, and second, because they went beyond the purely practical math of the Babylonians and Egyptians to the study of math itself as logic, philosophy, and art.

I. A.  Infinity as Apeiron

The philosopher Anaximander (c.610-c.546 BC) introduced the infinite into Greek philosophy.  He postulated that the apeiron, or the infinite, was the first principle from which the world is formed, and that the world (cosmos) is suspended in it.  The infinite could not possess qualities of its own, since quality is determined by the elements, and the first principle preceeds the elements.  The apeiron was “indeterminate and unlimited…almost insubstantial, unstructured, and incorporeal.”
  Both the Greek apeiron and the Latin infinitus are formed from “not” plus “bounded.”  The infinite is by definition indeterminate.  Therefore, as Aristotle argued, it is unknowable since the mind cannot traverse it.  Only form is knowable, and the infinite is without form.  Thus, while agreeing with Anaximander that the infinite is the “underlying stuff from which things are formed,” Aristotle did not agree that it was the first principle.
  If it were, nothing would be knowable.
  In any case, the Greek infinite was something less perfect and less desirable than the finite.

I. B.  Infinite Universe


The infinite thus stood in contrast to the cosmos, which “means a many-faceted harmonious ornament or jewel…it implies a unity and a comprehensive order, an ordonnance expressing a hierarchy in which man has an organic place.”
  It is finite and orderly, in contrast with “the universe as a whole…called by Greek writers to pan.”  The question, therefore, “was not about the existence of a closed world, but about its status: is it all that there is, or is there something else too?”
  


While Aristotle believed that the universe was finite, thereby allowing knowledge and philosophy, Epicurus (341-270 BC) argued the oppposite.  The Roman poet Lucretius (c.94-c.49 BC) agreed with Epicurus, encouraging the readers of his De Rerum Natura to “contemplate the universe with a quiet mind” free from fear of the gods and of death.
  According to Lucretius, the universe is only an infinite number of atoms swept along through infinite space from infinite time past and infinitely into the future.  Although such a proposition is hardly peaceful to the mind, at first glance the Epicurean argument seems hard to refute: if the universe were bounded in any direction, “it would necessarily have a limit somewhere.”
  In this case there must be something beyond it which limits it, but the universe by definition includes all things; therefore the universe must be infinite in extent.


An infinite universe, however, is even more problematic.  First, there is the problem of location.  Lucretius knew that “there can be no centre in infinity”
 and no bottom “where the atoms could come to rest.”
  How then could atoms fall “straight down through empty space by their own weight?”
  How could “the particles of earth, because they were heavy and intertangled,” be “collected in the middle?”
  Some, like the Stoics, manage to get around this by supposing that all matter has a reciprocal attractive force,
 but Epicureans believe that the fall of atoms alone accounts for all things.


The Epicurean system of space and atoms requires that there also be an infinite number of atoms, otherwise matter would be as nothing in infinite space.
  Infinite matter allows the Epicurean to do without the gods; so long as there is even the smallest chance of something existing, this small chance multiplied by an infinite number means that this thing must exist.  There are two problems.  First, it is not necessary that there be even a small chance of certain things existing.  Second, if Epicurus were right, there would be infinite exact copies of everything, because there are infinite atoms but a finite number of forms of atoms.
  While the Epicureans believed in multiple worlds,
 Lucretius never realized that exact copies of the world, with exact copies of each person in it, exist all over the universe.
  Furthermore, since “mind and spirit are both composed of matter,”
 there is absolutely nothing to distinguish one person from his infinite copies.  With no individuality, and with the will stripped of its power—since every event will happen somewhere regardless of individual will—Lucretius has created a universe that is endless, directionless, purposeless, and devoid of any distinction.  The root of the problem was not his innaccurate physics, but his dangerous application of infinity.

I. C.  Atomism versus Infinite Divisibility


The very concept of atoms is a question of infinity, for atoms only exist if matter cannot be infinitely divided.  An atom “is not the same as a point or instant” which “are indivisible because they have no length at all.”  Points and instants are not intervals, but boundaries; “atoms, however, are supposed to be indivisible in spite of having a positive length.”
  On one extreme Xenocrates (396-314 BC), the third head of Plato’s Academy, believed that atoms were both physically and conceptually indivisible.  On the other, Aristotle argued for infinite divisibility both in thought and in nature, saying that atomism would require jerky movement in which an object could never be said to be moving, but only to have moved.  Diodorus Cronus (4th century BC) saw nothing wrong with this, arguing that just as a woman could have had three husbands without ever having three husbands, so an object could move without ever being in the process of moving.
  The Neoplatonist Damascius (born c. AD 480) addressed the problem of atomic motion by making time infinitely divisible.  Thus the “jerk” could be as small as desired by making the time interval smaller.  Otherwise, while the outer atoms of a millstone moved one unit, the inner atoms would not move at all, fragmenting the millstone.
  So while atoms must move in leaps, the leaps can always be smaller.  Finally, to this problem of atoms and motion modern physics adds its discovery of “turbulence” when the distance between two particles decreases to about 10-33 centimeters, a distance related to Planck’s constant.  “The distance between two such particles cannot be ascertained even for a single instant.  Planck’s constant thus supplies us with atoms of space.”
  Therefore, although we can conceive of the idea of the indefinitely small, we are “unable to give a clear sense to the idea of indefinitely small distances in our universe as it is.”
  Thus infinite divisibility is true only as a concept, not in nature.


Zeno’s paradoxes confirm this conclusion.
  Zeno (c.490-c.430 BC) tried to defend Parmenides’ philosophy of the unmoving, unchanging unity by showing that motion was paradoxical.  Of interest here is Zeno’s Dichotomy, which says that to run from one point to the next, a runner must run half the distance first, then half of what remains, and so on, so that in order to reach the destination an infinite number of “journeys” need to be made.  Assuming that nothing can perform infinitely many tasks, Zeno concluded that motion is impossible.  To refute this, one can reject either the first premise, that moving between two points really involves an infinite number of tasks, or the second premise, that nothing can perform an infinite number of tasks.


One solution that ignores these alternatives is the assertion that as intervals of travel approach zero, the number of intervals that can be traveled in a given time approaches infinity, allowing the journey to be completed.
  But the dichotomy paradox can be considered in terms of time or distance alone.  How can one get from one point in time to another, when an infinite number of points in time must be reached in the process?  The question is not whether an infinite number of tasks can be performed in a given time, but whether an infinite number of tasks can be performed at all.


Aristotle (384-322 BC) objected to the first premise based on his distinction of potential and actual and his definition of continuity.  A thing exists potentially if it can exist: a man is potentially a seeing man if he can see.  But he is not actually a seeing man unless he does see.
  The possible, or potential, is “what is not of necessity false; what is true; what may be true.”
  In the first and third senses, the infinite exists potentially; but it does not exist actually as an entity.  The second key concept is that of continuity, which occurs “when the touching limits of [two things] become one and the same and are, as the word implies, contained in each other.”
  The continuous is therefore infinitely divisible.  If it were not, it would eventually be divided into indivisibles which have no parts and thus either completely overlap or do not touch at all.  


The atomists responded that if magnitude were everywhere divisible, the parts could neither have magnitude, in which case they would be further divisible, nor lack magnitude, in which case they could not be added together to form a whole.
  But Aristotle argued that while division can take place anywhere, it cannot take place everywhere: “The process of dividing the thing may go on ad infinitum, without the possibility of its ever being completed.”
  Thus the line (or magnitude) is a single whole, not a conglomeration of points: a point can never “be in succession to a point or an instant to an instant in such a way that length can be composed of points or time of instants.”
  Between two points there will always be more points, just as between two instants more instants.


Furthermore, infinite points exist only in terms of the line, and not the other way around.  The commentator Olympiodorus noted that “if the continuous is what has a common boundary, and what has a boundary is discrete, and what is discrete is not continuous, then the continuous, in that it has a boundary, is not continuous.”  Therefore “we must take ‘common boundary’ potentially here, not actually.”
  Continuous “is the limiting case, in which they are no longer two but have become one.”
  Once continuity is reached, the point that is shared disappears completely and the two parts are one.  Points only exist, then, when there is a break in continuity.
  While there are potentially infinite points on a line, since what is continuous can always be further divided, they cannot all be actualized.  It is with this idea of potential infinity that Aristotle defended infinite divisibility against the atomists.


In addition to infinite divisibility of magnitudes there are also “the infinity of numbers and the infinity of time.”
  For none of these does infinity exist as an entity (as a statue is an entity); yet it does exist, according to Aristotle, in the sense in which a day exists: “There is no moment at which either the day or the division [of a magnitude] will result in a completed entity.”
  But while the day finally ends at some point, there is no end to the process of dividing a magnitude.  Therefore the infinite divisibility of magnitudes does not actually exist, whereas the day does actually exist.


Corresponding to actual and potential are two kinds of infinity with respect to magnitude: one by addition and the other by division.  An infinite magnitude by addition is one created by adding a constant magnitude until the length of the magnitude is infinite.  This would be an actual infinity, since it would be an entity of infinite length; Aristotle denied the actual infinity of addition, since any process that repeatedly adds a certain length will never pass from the finite to the infinite.  But a magnitude may be infinite by division, meaning that it may be divided into parts which may always be further divided.  It is not the process of division that guarantees this, since the process never reaches more than a finite number of divisions.  It is rather the structure of the magnitude that allows the infinite by division to exist; magnitude is continuous and therefore infinitely divisible.  But it is only potential existence, for the actual existence of the infinite by division would require an infinite number of divisions to actually be made.


There is a sense in which the infinite by addition can exist, but it is in reality only another form of the infinite by division.  Rather than adding a fixed unit length each time, one could start with the length AB, then add ½ AB, ¼ AB, and so on.  By virtue of continuity, it is guaranteed that one could always add the next segment.  However, it is not the true infinite by addition, since the total length is still finite, never exceeding the length 2 AB.  Likewise, the infinity of numbers is not guaranteed by starting at 1 and adding 1 each time, since by proceeding sequentially one can never achieve infinity.  But that there is a potential infinity of numbers is guaranteed by the rule that assigns 1 to the segment ½ AB, 2 to the segment ¼ AB, and so on.  Since it is only potentially infinite, there is no infinite number.  Just as dividing a line “through and through”—that is, until the parts are no longer divisible—would destroy continuity and therefore the idea of infinity, so an infinite number would be a limit, therefore destroying the infinity of numbers.  


Aristotle could now answer Zeno.  First, a line must be taken as a whole.  Second, since points are only endpoints of lines, they exist actually only when a division has been made.  Therefore continuous motion along a line is not sufficient to actualize a point.  If the runner actually stops at each point as described by the paradox, then it is true that he would never get anywhere.  But if he moves continuously along the line he will reach his destination.  Therefore, according to Aristotle, motion does not require an infinite number of tasks.


Contrary to Aristotle, Jonathan Barnes
 rejected not Zeno’s first paradox, but the second (that one cannot complete an infinite number of tasks).  Yet there are several obstacles to rejecting Zeno’s second premise, and Barnes failed to get past them all.  First, if there were an infinite number of tasks, there would be no last term, and without completing the last term, the distance cannot be traversed.  Barnes tried to get rid of this objection by making a first and last term, with an infinite number in between.  But in this case he only created two infinite sequences, one starting from the first term having no last term, the other working back from the last term having no first term.  Second, as a person marks off each task in sucession, he will never pass from the finite to the infinite.  Barnes proposed that the tasks need not be completed one at a time, and he gave the example of breaking all the windows in a block by dropping a bomb on the whole thing, completing all the tasks at once.  But this is not performing infinite tasks; it is only completing one, recalling Aristotle’s emphasis on the line as a whole rather than the points.  Third, assuming a runner has completed the infinite number of journeys leads to contradiction, since he must be at the destination, beyond it, or short of it.  But he cannot be at or beyond the destination, since the series of points defined by the Dichotomy does not include the destination or go beyond it.  Nor can he be short of the destination, for if he is at some point in this interval, then there are more points between him and the destination, contradicting the assumption that he had completed all the journeys.  Barnes replied that a series may be completed without there being any time of completion, but this seems to fall back to the jerky motion of the atomists, which denied not the second premise but the first.  The final obstacle to Barnes’ attempt to deny the second premise is the argument that “if [the second premise] were false, the great chains of causation would snap.”
  Although not really different than the second obstacle, which marks off steps in succession, this highlights how significant it would be if the finite could reach the infinite.  Barnes objected that there is no logical necessity to believe that there is a chain of causation.  “Perhaps there are causal hiatuses.”
  Barnes concluded: “I believe [the second premise] to be false…but I cannot show that [it] is false.  [Most men] cannot believe that we possess infinite powers,”
 but this, he said, cannot be logically proven.  It seems that this scholar is trying again to build the tower of Babel, with the same result.


While the Dichotomy and Zeno’s other paradoxes of motion can be dealt with by denying the infinity of journeys, or at least their actual infinity, this will not work for his paradox concerning infinite divisibility.  Zeno argued that if infinite divisibility is granted, then, because any body could be divided into infinite parts, and because each part would have a positive magnitude (even if very small), then that body itself would be infinite in extent.  The atomists, as already seen, simply denied infinite divisibility.  But at least geometrical divisibility must be granted, since geometry needs to be able to divide as many times as desired.


The second objection to Zeno is that an infinite series does not necessarily have an infinite sum, as seen from the series 1 + ½ + ¼ + ….  The problem with this objection is that Zeno proposed division through and through, so that “the elements to be summed were all of equal magnitude [the smallest].”
  If they had no magnitude, the line “will vanish and be dissolved into nothing and will consist of nothing.”
  To this Aristotle again responded with the distinction that infinite divisibility exists only potentially: there cannot be infinite division down to the smallest magnitude, because there is no smallest; magnitude can always be further divided.  Thomas Hobbes later restated this by saying that to divide into infinite parts means only to divide into “as many parts as any man will.”
  But for this to accurately describe Aristotle, Hobbes should have said that infinity is more than any man will.


Barnes is correct in saying that Zeno’s “argument must be attacked…in its handling of the concept of infinity.”
  Zeno treated infinity like any other number.  Just as one would divide by a finite number or add a finite number, so Zeno divided by an infinite number and added an infinite number.  But infinity is more like “as many…as you like” or “more …than you could imagine” than like “lots” or “many.”
  The latter terms indicate a big number, whether specific or indefinite.  The former terms indicate something inexhaustible.  A set is infinite if and only if for any given number the set contains more than that number.
  With this understanding of infinity, Zeno can only argue that for any given finite number, there are more parts.  Either there are infinitely many parts of decreasing size or there are a finite number of parts of finite size, both of which sum to a finite number, thus supporting Aristotle’s view.

Even today there are still some who relentlessly see infinity as only a big number.  Fred Dretske, for example, argued that one can count to infinity, if given an infinite amount of time.
  Dretske argued that besides physical limitations, “there are no other factors, either logical or conceptual, which disallow” “George” counting to infinity by counting all the natural numbers.
  Given any number, George will count it given enough time.  But this fails to recognize that infinity is always more than any given number.  By the definition of counting, George must go one at a time, and as has already been shown, mere succession cannot cross from the finite to the infinite.  This misunderstanding of infinity led Dretske to the absurd conclusion that George will count to infinity even if George “will never finish” counting to infinity.
  To admit this is the same as admitting that George could start at infinity and count down to zero.  But as Dretske admitted, for this to be true George would have to have always been counting, and always finished as well.  This example should make it clear that infinity is not a number,
 but a concept, whether it be “more than any man will” or simply a “potential” attribute of a quality like continuity.  

I. D.  Infinite Time


On the question of whether time is infinite—that is, whether the universe has existed for an infinite amount of time—Aristotle did not do so well.  Just as infinite extent allows for all things to occur somewhere, infinite time allows for all things to occur sometime, leading to the same disturbing problem of infinite replication.  Moreover, if the world has existed for an infinite amount of time, would this not be an actual, completed infinity, which Aristotle denied ever exists?  Indeed, since time is a measure of motion and motion is traversing magnitude, does not the infinity of time attest to the infinity of magnitude?  There is also the problem that Kant would later describe: an actually infinite extension of time could never be traversed, and so a universe existing from infinite time past would never reach the present moment.  This problem cannot be solved like the Dichotomy, for it concerns infinite extent, not infinite divisibility.  Finally, if the infinite is unknowable, if time is infinite, and if time is the measure of change, then how can anything be known?  The most obvious solution would be to say that time, like magnitude, is never even potentially infinite in extent.

I. E.  Greek Math and Horror Infiniti

Because the Greek concept of the infinite has a negative connotation as something shapeless and imperfect, the Greeks are said to have had a horror infiniti, or fear of the infinite.  But this horror infiniti is not a fear of dealing with the infinite.  From Anaxagoras to Lucretius philosophers postulated either that “there is no smallest among the small” or “no largest among the large” or both.
  But the Greeks did have a horror infiniti in believing “that finite entities are good precisely because they are formed, bounded, and determinate in contrast with the infinite.”
  Pythagoras went so far as to reject “the infinite as having anything to do with the real world.”
  According to Plato, the Demiurge “imposes limitations (ie., intelligible form) on pre-existent matter, giving rise to the structured world around us as an ordered whole instead of a formless unintelligible (ie., infinite) chaos.”
  Aristotle, of course, denied actually existing infinity: “We never really transcend the finite steps.”


In Greek mathematics there was no infinite at all.
  Since the Greeks did not have algebra, they could not express the infinite in mathematics.  Occasionally they came close, as when Archimedes (287-212 BC) estimated the value of π by using regular polygons of ever increasing number of sides.  This method, called exhaustion, allows approximation to any desired accuracy.  As the number of sides of the estimating polygon goes to infinity, the value approaches π.  But without algebra Archimedes could not express the idea of limit.  To him, the method was only an approximation, using an arbitrary but always finite number of sides.
  Euclid also approached the infinite when he gave a geometrical proof that a magnitude may be as small as one desires.
  This, of course, is essentially the definition of infinity—in this case the infinitely small.  But Euclid never called it infinitely small, nor did he have a way to express the infinitely small geometrically.  Wilbur Knorr argued that this is not really horror infiniti at all: “The roots of the ‘exhaustion’ method…lie not in mathematicians’ distress over philosophical puzzles but in the evolution of techniques.”
  The Greeks simply did not have the algebra to express the idea of limit, which is only “a convenient simplification of the [Greeks’] rigorous treatment based strictly on finite magnitudes.”
  Yet the idea of the infinite as something that cannot be expressed seems to have precluded even an attempt to develop techniques capable of handling it.

II. Early Christian and Medieval


Eli Maor saw the culmination of Greek horror infiniti in the geocentric cosmology of Claudius Ptolemaeus.  Maor then attacked the Church for making Ptolemy’s model an “official dictum,” suppressing any independent thought, and initiating the Dark Ages.
  On the contrary, only when Christians began speaking of the infinite did the mind of man begin to see it as something good.  It was Christianity, with its view of God as both unlimited and perfect, that encouraged the inquiry into the infinite, and Christians made almost all of the mathematical and cosmological advances.  Those whom the Church opposed, most notably Galileo and Giordano Bruno, were not opposed for their cosmological systems, but for their heedless opposition to fundamental truths of Christianity.


Christianity took a moderate view of the infinite.  On the one hand, God, who is supreme and perfect, is infinite; but this is not so much a positive assertion as an attempt to contrast God with everything else.  As the Psalmist wrote: “Great is the LORD, and greatly to be praised, and his greatness is unsearchable.”
  While God is involved in his creation, He also transcends it.  Even the Greek Orthodox view, which grants that the universe may be infinite, believes that it could not be so by its own nature, but by God who transcends and sustains it.


Plotinus (AD 205-270) was the first to argue that “God, the One, is infinite, being free of both internal and external limits.”
  While becoming more positive, infinity still “carried the connotation of the unbounded and unlimited.”
  Christinaity continued on this course with Augustine and Thomas Aquinas.  Augustine said that God is infinite, possessing an infinite knowledge of the world.  But he denied the infinite elsewhere.
  Aquinas accommodated Aristotle’s imperfect infinite by distinguishing between infinite form, which is perfect, and infinite matter, which is imperfect.  God is infinite form, since He is Being.
  Aquinas also disagreed with Aristotle’s belief in a world infinite in age, although “the newness of the world is known only by revelation…it cannot be proved demonstratively.”
  Other than these two disagreements, Aquinas agreed with Aristotle.  Christianity thus provided the transition by calling God infinite but still considering the infinite as “a goal that the finite never attains.”


Gregory of Nyssa (c.335-after 394) agreed.  He believed God to be both infinite and perfect: “Whatever limits is greater than that which it encloses.… The Divine is by nature beautiful.”  Therefore if the Divine has a limit, “it is bounded by vice.”
  So God must be infinite.  Hence He is incomprehensible, not just because of human weakness, but because He is “the source of all and can be limited by none” and therefore has an “intrinsic divine mysteriousness.”
  While some accused Gregory of agnosticism, he himself saw God’s infinite nature as a cause for seeking to know and draw near to Him: “God is…the object of infinite desire, that is, of a desire that can never be stilled.”
  This desire is satisfied, Gregory argued, “precisely in so far as his desire remains unsatisfied.”
  Whereas Augustine believed that at death we finally cross the divide that keeps us from God, Gregory believed that the divide between creature and creator can never be crossed; for the creature there remains an “everlasting, upward striving,”
 always discovering new joys in God.  The infinite God is the goal that is attained through never being fully attained.


Even Eli Maor admits that “it was Christianity that gave the idea of infinity its most visible manifestation.”
  This is in contrast to the Kabbalists, Jewish mystics who saw God as “the Ein Sof, the infinite” who can only be approached through the ten sephirot, which are spheres or emanations from him.
  These are gnostic beliefs.  Christianity also contrasts with Islam, which sees God’s infinite nature as being utterly transcendent, arbitrary, and above human affairs.  Then there are Hinduism and Buddhism, which, as already seen, have an understanding of infinity that is more mystical than rational.  Whereas all these others discourage any effort to know God Himself as the Infinite, Christianity encouraged the search.

III. Troubled Times: Late Medieval and Renaissance.


In the late Middle Ages, there were in addition to the old debates two new developments: limits and infinities of different sizes.  In the old debate William of Ockham (c.1288-c.1348) pointed the way.  He believed that indivisibles and infinite lines were necessary to mathematics but only imaginary.  Thus they were useful for the conceptual world of math, but not problems for natural philosophy.
  As opposed to Platonic realism, Ockham made a divide between mathematics and the natural world, a divide necessary for modern mathematics to be legitimate.  As for limits, even Aristotle had used them, but only when he already knew what the sum was.  Now limits were applied to series whose sums were not already known, as Nicole Oresme (c.1323-1382) did when in 1350 he proved that the sum of the harmonic series was infinite.  

The second development, that of infinities of different sizes, was more novel and controversial.  Some, like the Franciscans, held to the axiom that all infinities are equal.
  Nicole Oresme held to rejectionism, that “every infinite is incomparable with every other.”
  William of Ockham, although a Franciscan, believed that one infinity could be more than another, not by having a definite number of elements more, but by having an indefinite number of elements more.
  Galileo and Newton would later hold similar views, and this even seems to hint at Cantor’s future definition of cardinality.  Thomas Bradwardine (c.1290-1349) seems also to have foreshadowed Cantor when in the early 1340s he saw that “infinite sets can be put in one-to-one correspondence with their infinite subsets.”
  It should be noted that those who made these intermediate steps in the understand of infinity were all part of the Church: Ockham was a Franciscan friar, Oresme was a bishop, and Bradwardine was Archbishop of Canterbury.


Nicholas of Cusa (1401-1464), another ecclesiastical (a cardinal) who explored the infinite, falsifies Moar’s claim that the Church held stubbornly to a finite universe.  Nicholas advocated an infinite universe in De docta ignorantia, more by theological than scientific reasoning, for God’s omnipotence is thus better expressed.
  While this leads to the same problem that Lucretius encountered, a world “without bearings,”
 Nicholas recognized that motion is relative, and he resorted to God Himself as the center of all things, “an infinite sphere with its center everywhere, its circumference nowhere.”
  Like the Greeks and early Christians, the infinite of Nicholas was still a limit: “the mind is to truth as a polygon is to a circle in which it is inscribed…‘even if the number of its angles is increased ad infinitum, the polygon never becomes equal unless it is resolved into an identity with the circle.’”
  The infinite was “incommensurable with the finite,” preventing the mind from gaining any positive knowledge of God,
 but was yet a positive force “as a place where opposites could be reconciled.”
  In God’s infinite nature is universal harmony,
 finding fullest expression in Christ incarnate.


When Nicolaus Copernicus (1473-1543) came forward with his heliocentric system, it “was not really as revolutionary as is often thought.”
  Theologians had already been speaking of an infinite universe, but Thomas Digges (1546-1595) was the first professional astronomer to do so: “This ball every 24 hours by naturall, uniforme and wonderfull slie and smooth motion rouleth rounde…whereby it seems to us that the huge infinite immoveable Globe should sway and tourne about.”
  Eli Maor then adds that Digges “had to reassure himself by resorting to the familiar theological themes so popular in his days.”
  Maor implies that those “theological themes” were only a fad of the Middle Ages and that a boundless universe was hard to accept because of religion, not because the concept itself is incomprehensible.  Maor is wrong except in implying that the idea of an infinite universe caused quite a stir in those days.  Even Shakespeare jumped into the fray.  He knew Digges and was familiar with the correspondence between Digges, a heliocentrist, and Tycho Brahe, a geocentrist.  Tycho’s great-great-grandparents were Erik Rosenkrantz and Sophie Gyldensterne.  In Hamlet Rosencrantz, Gildensterne, and Claudius (named after Claudius Ptolemaeus) stand for the geocentric theory, while Hamlet declares, “O God, I could be bounded in a nutshell and count myself a king of infinite spaces.”


Ignoring this popular interest, Maor claimed that the Church condemned Giordano Bruno (1548-1600) for advocating an infinite universe in De l’infinito universo et mundi (1584).  Vilenkin also considered Bruno’s efforts the way in which “the human spirit was freed from the limitations that fettered it.”
  Today the common misconception is that Bruno was “the first martyr to the cause of freethought.”
  Bruno, however, was condemend as a gnostic and a pantheist.  He had written, “The One Infinite is perfect; simply and of itself nothing can be greater or better than it.  This is the one Whole everywhere, God, universal nature.”
  He believed, as would Baruch Spinoza and G.W.F. Hegel, that “God and the world are both infinite and, ultimately, both identical.”
  In addition, Bruno made himself conspicuous: 

I rise high and boldly break




The imaginary barrier of the crystal sphere.




I rush to infinity, to different distances.




Some are destined for grief and some for joy, -- 




The Milky Way I leave below for you.

Maor concluded that it was Bruno’s “unbounded joy at the grandeur of the universe—his universe—that lifted his spirits and made him endure the ordeal.”
  But what joy is there in some vast unboundlessness?


The story is similar with Galileo Galilei (1564-1642), although he was condemned to silence rather than death.  Again, it was not for his views of infinity that he was condemned.  Galileo provided a key step in the understanding of infinite sets.  The squares of the natural numbers (1, 4, 9, 16, …) appear to be far fewer than all of the natural numbers (1, 2, 3, 4, …).  Only three of the first ten natural numbers (1, 4, 9) are squares, and as one counts higher the squares become fewer and fewer.  Yet they can be corresponded one-to-one so that there are the same number: (1,1), (2,4), (3,9), (4,16), ….  Galileo’s conclusion was only that infinity ought to be avoided because its weird behavior contradicted the axiom that the part is less than the whole.
  Nor was Galileo condemned for believing in an infinite universe.  Theologians could accept an infinite universe with the words that Einstein would later write: “We never cease to stand like curious children before the great Mystery into which we are born.”
  Galileo was condemned not for his views of infinity or for his cosmology, but for provocatively treating science as higher than revelation.


As opposed to Bruno and Galileo, who abused science and the idea of the infinite, René Descartes (1596-1650) explored the idea of infinity in order to grasp the place of finite man before infinite God.  He realized that God as the Infinite must come first, and then man senses his own finiteness in comparison to the Infinite and desires perfection:

The idea I have in me of the infinite is in a manner prior to that I have of the finite, the idea of God to the idea of myself.  For how would it be possible for me to know that I doubt and that I desire, viz. that I lack something and am not all perfect, unless I had in me some idea of a being more perfect than mine, by the standard of which I recognised the defects of my nature?

Descartes reserved the infinite for God alone, a standard against which man measures himself, recognizes his lack, and continually seeks God.
 

IV. Limits: Renaissance to 19th Century


From the Renaissance on, infinity began to be seen more and more as esentially a mathematical concept, applied to other subjects only in metaphorical terms.
  Until the 19th century, infinity remained something vague and indeterminate, but from the Renaissance on there were more attempts at precise definition, more exploration into infinite series in particular, leading to the founding of Calculus.  At the beginning of this period, Thomas Hobbes (1588-1679) defined infinity: “When we say anything is infinite, we signify only that we are not able to conceive the ends and bounds of the thing named.”
  At the end of this period, Carl Friedrich Gauss (1777-1855) gave a more technical definition, but still one in which infinity was still something unattained: “Infinity is only a figure of speech, meaning a limit to which certain ratios may approach as closely as desired, when others are permitted to increase indefinitely.”

IV. A.  Infinite Series 


In 1593 François Viéte (1540-1603) became the first to write out an explicit infinite series: 
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  Thus an infinite sum, which seems to have nothing to do with π, adds up to 2/π.
  The Greeks could never have achieved this, since they did not have the tools to write it.  Now it could “be put in writing and thus…accepted into the kingdom of mathematics.”
  After this there came a spurt of infinite products and series, of which these are some of the most interesting:


1.  
[image: image2.wmf]224466

 = 

2133557

p

×××××

×××××

L

L

 (John Wallis, 1650)


2.  
[image: image3.wmf]2

2

2

2 + 5 

2

2 + 3

4

 = 1 + 1   

p

æö

ç÷

ç÷

ç÷

éù

ç÷

êú

ç÷

+

ëû

èø

éù

êú

êú

êú

êú

êú

êú

êú

êú

ëû

L

(William Brouncker, 1655)
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All but the fourth express the transcendental numbers π and e by infinite series or products.  The fourth expresses by two different infinite series the golden ratio, a geometric proportion originating with the Greeks.
  The author of the first, John Wallis, was also the first to use the symbol ∞ (in 1655).
  At this point it seems like mathematicians finally had the tools to use the infinite at will: they could express the mysterious transcendental numbers as well as ancient concepts such as the Golden Ratio.


Mathematicians, however, still did not have a firm grasp on infinity, and even the most famous of them committed errors.
  One reason for this was that “rearranging the terms of an infinite series may…affect the limit to which a series converges, and it may even change a convergent series into a divergent one.”
  The French mathematician Augustine Louis Cauchy (1789-1857) finally settled the situation when he distinguished between absolutely convergent series, which converge despite rearrangement, and conditionally convergent series, which change if rearranged.  When he also discovered the power series (
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) in 1831, “a full understanding of infinite series was finally achieved.”
  But the infinite was still very elusive, since “with the exception of the geometric series, there does not exist in all of mathematics a single infinite series whose sum has been determined rigorously.”
  This is because other series can only be “guessed at” based on an apparent pattern after any given finite number of terms.  Once Cauchy had finished his work, the stage was set for Cantor and modern mathematics.

IV. B.  Calculus


But before Cantor came calculus, which is the math of limits.  Archimedes had used the method of exhaustion to estimate the area under a parabola, but he never saw this as an infinite process, only an indefinite one that ended at a finite number.  The Renaissance mathematicians were not so exact.  Galileo Galilei (1564-1642), Johannes Kepler (1571-1630), and Bonaventura Cavalieri (1598-1647) used indivisibles to discover many new properties of geometric figures as well as practical applications in mechanics and optics.  Sir Isaac Newton (1642-1727) and Gottfried Wilhelm Leibniz (1646-1716) brought this to its logical conclusion in calculus, which relies on an infinite number of infinitesimals.  The method of exhaustion is more sound mathematically, but calculus has been incredibly useful, allowing technological advances and whole new powerful fields in mathematics (such as analysis).


Even in calculus, infinity was still only a limit.  Leibniz did not believe that the infinite existed as an actual entity in math;
 one reason for this belief was that he did not believe that an infinite series had a last term.  If it did, then the first term and last term would be infinitely separated, whereas the definition of a series is that one can progress from any one term to any other by a finite number of steps.
  He concluded, as would Frege and Cantor, that “no ‘infinitieth term’ lies within the series at all.”
  Therefore Leibniz took an operationalist stance: “Whenever it is said that a certain infinite series of numbers has a sum…all that is being said is that any finite series with the same rule has a sum, and that the error always diminishes as the series increases, so that it becomes as small as we would like.”
  Thus infinity is not a specific number, but more than any specific number.
  It is inherently potential, since the series is never completed. 
  Cauchy agreed,
 as did Carl Friedrich Gauss (1777-1855), who said,

I protest against the use of an infinite quantity as an actual entity; this is never allowed in mathematics.  The infinite is only a manner of speaking, in which one properly speaks of limits to which certain ratios can come as near as desired, while others are permitted to increase without bound.

Even Gauss’ contemporary Bernard Bolzano, who claimed that infinity was an actual entity and could be used in math, was careful to say that dx/dy is only a symbol, not a quotient.  Like 
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, dx/dy can only be used in such a way that when worked out of the equation, the two sides are real quantities and are equal.
  Thus calculus was simply a convenient use of symbols.

IV. C.  Infinite Geometry


While algebra could now make use of infinity as a limit and not as an actual number, infinity in geometry remained unclear.  Edmund Halley
 (1656-1742), for example, assumed that the infinite line, the infinite plane, and the infinite space were of different sizes, without being clear what he meant by size.
  He also claimed that the half line differed from the line, a sector of the plane from the whole plane, and a sector of space from the whole space.  While any of the parts is infinite, he argued, they are still infinitely less than the whole.  But as Galileo had demonstrated, an infinite subset can be shown to be equal to the infinite set.  Halley’s statements show that even though infinity had gained a foothold in mathematics, it still needed refinement.

IV. D. Infinite Universe


Nevertheless, it had enough of a foothold to allow Isaac Newton to see “the possibility of a scientific cosmology in which the universe is infinite in size and eternal in age.”
  Such ideas had been postulated as long ago as Epicurus, but due to infinitesimal calculus and Newton’s universal law of gravitation, the infinite universe was now “one based on mathematical reasoning rather than theological speculation.”
  Newton noted in Principia (1687) that in a finite universe, evenly distributed matter would convene to one point according to his theory of gravity.  Therefore the universe must be infinite, allowing evenly distributed matter to convene in an infinite number of masses scattered homogenously throughout the universe.


Maor used Newton’s discoveries as an example of how the scientific revolution “liberated” the mind “from long-entrenched religious dogmas,” so that it “was free to seek new and unexplored vistas.”
  Unfortunately, Maor forgot both that leading members of the church hierarchy had already begun to explore these vistas, and also that this view of the universe was to be discarded in favor of the better theory of relativity.  Moreover, those who made the transition were deeply influenced by their Christian faith; Newton spent at least as much time on his theological studies and warned against thinking of the universe as a godless machine.
  


Even so, it seems a sad turn of affairs when the beautiful, finite Greek cosmos is exploded into a vast, unending stretch of space.  Newton’s universe is monotonous; it is homogeneous and isotropic, having the same construction everywhere in every direction.  Eventually Einstein would replace Newton’s model, and even in the nineteenth century there were indications that something was wrong with the Newtonian universe.  In 1826 Heinrich Olbers
 (1758–1840) showed that if the universe had an infinite number of stars, then the sky should be perpetually and infinitely bright.

IV. E. Infinite Time


While Olbers’ Paradox questioned a universe of infinite extent, Immanuel Kant (1724-1804) questioned a universe of infinite age.  According to his first antinomy, if the universe were of infinite age, then an eternity would have elapsed before the present moment; then, because “the infinity of a series consists in the fact that it cannot be completed,”
 the present moment could never have been reached.  Kant allowed that the future is a potential infinite, since it can logically go on; but the past has actually occurred, so if it were infinite it would be an actual infinite.  Many philosophers, such as Karl Popper, respond by denying that there was a beginning.  He argued that one could chose any moment and count forwards and backwards just the same, producing infinite series (potential infinites) which could be grouped as infinite sets (actual infinites).  But while one can count numbers backwards or forwards and group them in sets, real time happens in a definite sequential order, and it only goes one direction.  To claim that there was no beginning, one would have to count from infinity to zero.

V. Modern Infinity


The next breakthough in the understanding of infinity came through rigorous study of the continuum.  In 1872, Richard Dedekind wrote, “The line is infinitely richer in point-individuals than is the domain of rational numbers in number-individuals.”
  But how much richer?  

V. A. Georg Cantor

To answer this, Georg Cantor (1845-1918) started by explicitly defining an infinite set according to the property that Bradwardine and Galileo had both observed: “An infinite set is one which can be placed in one-to-one correspondence with a proper part of itself.”
  Cantor thus considered Euclid’s axiom that the part is less than the whole to be true only for the finite.  Applying it to infinite sets leads to inconsistencies, while allowing the infinite part to equal the infinite whole was consistent.
  Two infinite sets were equal, according to Cantor’s definition, when they could be placed in a one-to-one correspondence with each other.  Thus the rational numbers and even the algebraic numbers are equal to the naturals.
  Finally, in 1874, Georg Cantor proved that the real numbers were not denumerable: the set of real numbers is larger than the set of natural numbers.


Cantor then created symbols to express different sizes of infinity, but at this point he regarded them only as symbols, not numbers.  Yet by the end of 1883 he began calling them transfinite numbers, and in 1893 he chose the Hebrew letter aleph (א) with subscripts to indicate the size, or power, of infinite sets.  א0 represented the smallest infinite set, that of the natural numbers.  Since the power set, which is the set of all subsets of the original set, is always larger than the original set, the power set of an infinite set is always a larger infinity.
  Thus there is no end of transfinite numbers and no largest transfinite number.  Cantor’s transfinites leave Absolute Infinity, the largest and supreme infinity, to God alone.  It cannot be expressed by math, it is incapable of being approached from below, it “cannot be added to or diminished,” and it “is unreachable by any determination.”
  So while “Cantor could build up a never-ending tower of larger and larger infinities from below,”
 he realized that it could not reach the highest.


Hence Cantor made the division “not between the finite and infinite, but between the infinite and the Absolute infinite.”
  The transfinite numbers, which Cantor considered to be infinities as actual entities, are “clearly limited, subject to further increase, and thus related to the finite.”
  Just as the natural numbers have a first, a next, but no last, so also the transfinites.  Yet the transfinite numbers are still infinite.  Aquinas had argued for a finite world because God had numbered creation, and there were no infinite numbers.  Now that Cantor had created infinite numbers, he concluded that these existed in creation as well, and that it was consistent with God’s infinite power to number his creation with infinite numbers.  Cantor maintained “that God instilled the concept of number, both finite and infinite, in the human mind to reflect His own perfection.”  Some have concluded that infinity was no longer a “notion that we could not perfectly capture,” but an actual number reflecting creation.

Against this view Cardinal Johannes Franzelin, with whom Cantor had been corresponding, replied that believing in infinity in creation “would involve the error of Pantheism.”
  This judgment has weight considering this is exactly how Bruno had erred.  But Franzelin concluded that so long as the infinities in nature were considered as improperly or equivocally infinite, and God as properly and absolutely infinite, there was no problem.  This is exactly how Cantor saw it, and he used his mathematics to show how God is both knowable and unknowable.  Since absolute infinity contains all the transfinite numbers, any property of any of these numbers is also a property of absolute infinity (Ω).  Therefore we can know some of the properties of Ω since they are shared by the transfinites.  This is the Reflection Principle: Ω is reflected in all lesser entities, yet distinct from them.  Yet we cannot distinguish or define Ω, since “to describe it means to state at least one property that it alone possesses.”
  But if this were done, then a higher infinity could then be created by taking the power set; Ω remains untouched.  Thus God is known through his creation and his attributes, but He is hidden behind these very things by which He is known.

The choice of א for the transfinite numbers reveals another important characteristic of infinite sets: besides being a Hebrew letter, א is also a symbol for the number one.  It is only by considering infinite sets as unities that Cantor came to assert that the actual infinite was included in mathematics: “A set, and an infinite set in particular, must be regarded as a totality, as an object which our mind should perceive as a whole.”
  If infinite sets are not taken “all at once,” but rather finite piece by finite piece, then it will never be actual.  One of the properties of the infinite according to Aristotle was that the mind could not traverse it; Cantor avoided this by requiring the mind to conceive of only the rule that defined the infinite set.  Thus Cantor introduced a pseudo-actual infinite into mathematics not by some new philosophical understanding of infinity, but simply by coming up with a way to express transfinite numbers.  “Since the transfinite cardinal numbers were themselves infinite unities, the aleph could be taken to represent a new beginning for mathematics.”
  


The first of these beginnings was in Cantor’s rigorous defense of the freedom of mathematics.  Cantor arranged and became the president of the Union of German Mathematicians, which had as its goal the “open discussion of mathematical results without prejudicial censure from members of the older establishment.”
  Second, it was an attack on Leopold Kroenecker’s finitist philosophy, which held that something was legitimate in math only if it could be finitely constructed from basic elements (specifically, from the natural numbers).  Cantor countered that “the only real question was consistency.”
  A mathematical system was legitimate so long as it was self-consistent.  It’s actual usefulness would then be revealed by future application, and Cantor’s transfinites proved incredibly useful in mathematics, as Bertrand Russell (1872-1970) claimed: “The solution of the difficulties which formerly surrounded the mathematical infinite is probably the greatest achievement of which our age has to boast.”


Another beginning which Cantor’s study of infinity influenced was that of set theory.  Not only was his idea of mathematical freedom essential, but Cantor also discovered paradoxes in the early forms of set theory that helped to more clearly define what was allowable.  Also, Cantor’s Continuum Hypothesis, which was that the real numbers were the next largest infinity after the natural numbers, eventually led to Paul Cohen developing the method of forcing in 1963 to show that this statement cannot be proved either way based on the axioms of set theory.  Not only is the method of forcing very useful, but the realization of unprovable statements was a breakthrough as well, sparked by Cantor’s transfinites.


“Number” had now been redefined in a way that was more rigorous and versatile.  Euclid had defined number as “a collection consisting of units.”
  But even the smallest infinite, א0, was not only not a number in this sense; it was not even a limit.  No matter how large a positive integer is reached, there is just as much distance left to cover as at the start.  The transfinites are numbers not in the old sense of potential infinities, but as entities which can be mathematically manipulated just like finite numbers, although with different rules and sometimes counter-intuitive results.  Cantor considered a number legitimate so long as it was “unique and distinct from all others” and “in conjunction with other elements it was part of a larger, mathematically consistent system.”
  This new understanding of number is just one example of the freedom of math that Cantor had advocated.


If Cantor denied the Euclidean definition of a number, then how should “number” be defined so that infinity is a number?  Even today there is confusion, as when Janna Levin wrote that “infinity really shouldn’t be treated as a number but rather as the property of a set of numbers.”
  But that is just it: Cantor, and set theory after him,
 defined number as a property of a set.  Rather than enumerating the elements of a set in order to define the set, set theory defines the set first by a rule or concept, then derives the number of the set from the number of individuals to which the rule applies.  For example, the set [chairs in this room] is applicable to the 8 individual chairs in this room and has number 8; the set [points on a line] is applicable to the infinite individual points and has number א​1.  Whether the individual elements can be enumerated is irrelevant to the idea of number.  Yet there is one extremely important distinction between finite and infinite numbers: “In the case of natural numbers…the predicate that defines the class is normally irrelevant to the number of members in the class….  But transfinite numbers are created by the relevant predicates.”
  Being chairs in this room does not require that they have the number eight.  But the number of points on the line or the number of natural numbers are all inherent in their predicates (that they are points on the line or natural numbers).  What Cantor did was not create actually infinite numbers, but a way “by which we can deal satisfactorily and unambiguously with a certain kind of potential infinite.”
  This is all that mathematics needs.
V. B.  Philosophy of Mathematics

Recognition that mathematics need not require actual entities and could now make use of infinity changed the very nature of mathematics.  “Mathematical ‘existence’ [now] meant only logical self-consistency and this neither required nor needed physical existence to complete it.”
  Just as there are no points, lines, and plains in our world, neither is there infinity.  But these are all indispensable in mathematics, for “despite the fact that the world we live in is finite, the mathematics we need in order to deal with it involves the infinite at almost every turn…despite its total abstraction, the infinite is a world of great simplicity.”
  As opposed to Kroenecker, who saw the natural numbers as inherent in nature and therefore the building blocks of mathematics, many modern mathematicians think that even the natural numbers are “mere figments of our imagination.”
  While Cantor sought to ground his transfinite numbers in the physical world, the path he opened went the other direction.  Even David Hilbert, who praised Cantor’s discoveries as a mathematical paradise, said that the infinite “is an illusion.”
  Hilbert referred to modern science, which shows both that the universe can be finite even if unbounded and that “nature makes jumps”; that is, there is no infinitely large or infinitely small.
  Yet at the same time he affirmed that “the infinite occupies a justified place in our thinking, that it plays the role of an indispensable concept.”
  A single formula, for example, contains infinitely many propositions, and Hilbert speaks of the beauty of mathematical infinity when he describes mathematical analysis as “a symphony of the infinite.”

So while Hilbert and others call mathematical concepts figments or illusions, they do not say that they are fictions.  Rather, they have recognized that they are simply concepts that give a workable structure to mathematics.  Math must begin with assumptions, or axioms “which serve as building blocks for the formal structure of mathematics.”
  The only requirement for truth is that the axioms are consistent, not leading to contradictory assertions; and complete, capable of showing propositions within the structure to be either true or false.
  Those who take this last statement by itself are nominalists, but Hilbert, and those in agreement with him, are known as formalists, because they recognize that the axioms are based on something intuitively known before the thought process even begins.

Another philosophy of math, realism, comes against severe problems if it allows infinity in mathematics.  Realists believe that mathematical concepts are true in that they represent a “real relationship of the corresponding objects in the world of ideas.”
  But the Banach-Tarski Paradox is an example of the strange results of working with infinity in set theory.  It shows that a sphere can be taken apart into a finite number of pieces and rearranged only by rotations and translations
 to create as many identical spheres as desired, or a sphere as big as desired.
  In other words, size does not matter for situations in which it seems like it should.  Infinity was the spark that started set theory, and in combination with set theory infinity then weighed in heavily to the debate between different philosophies of math.

V.C. Infinity in Geometry

While Cantor was working on the transfinite numbers, in 1890 Giuseppe Peano applied infinity to geometry when he developed a space filling curve.  Of course, it is only the method that is given; to actually construct such a curve would not be possible, since it involves infinite right angles.
  Yet if the concept of infinity is allowed, then a line, which has no width, becomes a plane.  Then in 1904 Helge von Koch developed a fractal which would be named after him as the Koch snowflake.  It is formed by taking a triangle and adding triangles of decreasing size to the edges, so that the resulting shape has a perimeter of infinite length but a finite area.
  However, like Peano’s curve, the Koch snowflake is only a “limiting case,” since infinite triangles cannot be drawn.
  Besides being fascinating shapes, Peano’s curve and Koch’s snowflake illustrate the change that had occurred over the past two millenia.
  The Greeks never conceived of such objects, but as infinity asserted itself in mathematics, it gained ground in geometry as well. 

This is most significant in the development of non-Euclidean geometry.  When Euclid said that parallel lines can be extended indefinitely without meeting, he meant that parallel lines do not meet.  Infinity was not a tool available to the Greeks, but as mathematicians made their first approaches to infinity, geometers questioned the parallel postulate.  Nicolai Ivanovitch Lobachevsky (1793-1856) and Janos Bolyai (1802-1860) constructed two new geometries.  Lobachevsky created Hyperbolic geometry by replacing Euclid’s fifth postulate with the axiom that there are infinitely many distinct lines parallel to a given line, rather than just one.  Bolyai created elliptic geometry based on the axiom that there are no parallel lines; every line meets every other line, even if this only occurs at infinity.  Thus in questioning what happens at infinity, geometry gained the freedom that Cantor then claimed for mathematics.

V. D.  Infinity in Cosmology


Non-euclidean geometry also laid the foundation for a drastically new model of the universe, one that curves the endless space of the Newtonian universe back together.  In 1917, Albert Einstein (1879-1955) found that a finite universe was allowed by his theory of relativity, and in 1922 Aleksandr Friedmann “showed that the equations of general relativity have nonstationary solutions – that is, solutions that imply that the Universe expands or contracts.”
  In 1929 Edwin Hubble used red shift
 to show that stars and galaxies are indeed receding from the earth; that is, the universe is expanding. This finiteness and expansion account for Olbers’ Paradox, since as stars recede, less light reaches earth.


But how can the universe be finite?  What is beyond the edge of the universe?  The key is that Einstein’s universe, while finite, is unbounded.  Just as the surface of a sphere is unbounded yet finite, so our three dimensional universe could be the unbounded yet finite surface of a four-dimensional volume; “but it is not necessary for that fourth dimension to exist in physical reality.”
  In fact, “curvature of space has nothing to do with the fourth dimension and is, so to say, one of its intrinsic aspects.”
  This curvature is a measurable property of our space, and the analogy to a fourth dimension is only an aid to understanding (as infinitesimal caluclus is a conceptual aid in understanding motion).

Although there are still problems to be worked out, recent data collected from the Wilkinson Microwave Anisotropy Probe (WMAP) supports a finite universe.
  A “finite space only allows certain vibrating waves to ‘fit’ in,” and these are precisely the wavelengths that WMAP found.
  The patterns of the wavelengths even predict the shape: an ellipse with 1% eccentricity.  Again, this does not mean that the universe is a three dimensional ellipse, but that our three dimensional space fits the properties of elliptic geometry.  It appears then, that if one set out on a “straight line” (as defined by elliptic geometry), he would eventually return to his starting point, if he could move faster than the universe is expanding.


If the universe is not infinite in size, are there any other infinite physical quantities?  In 1900 Max Planck discovered that energy can never be broken down smaller than the quantum of energy, and this imposes limitations on the smallness of distance and the shortness of time intervals as well.  More broadly, if a physics equation allows a quantity to be infinite, physicists generally regard it as a defect, since at this point the laws of physics would break down.  “If any physical quantity, like density or a temperature or an acceleration, were to develop an infinite value…the curvature of space would be made infinite as well: in effect the space would be torn apart.”
  Often new data or manipulation of equations removes the infinite from old equations.  Einstein’s theory is an example of this; in Newtonian physics it was possible for a particle to perform infinite oscillations in a finite time, whereas Einstein’s theory limits motion by the speed of light and by a maximum gravitational force.

V. E.  The Kalām Cosmological Argument


William Lane Craig takes the 20th century changes in both mathematics and physics and revisits the question of time and the beginning of the universe, concluding by means of the kalām cosmological argument that a personal God exists.  Having considered Lucretius, Gregory of Nyssa, Augustine, Aquinas, Nicholas of Cusa, Bruno, Galileo, and Cantor, it should not be surprising that the physical and mathematical once again penetrate into theology.  The kalām cosmological argument is a simple syllogism: “(1) Everything that begins to exist has a cause of its existence. (2) The universe began to exist. (3) Therefore the universe has a cause to its existence.”
  This argument thus comes alongside Kant’s first antinomy.

Starting with the second premise, which is most controversial, Craig supports Kant and argues that although Cantor came up with an actual infinite in math, it has nothing to do with an actual infinite in reality.  Based on the course of mathematics and physics since Cantor, this is legitimate.  Even though Cantor tried to base his transfinite numbers in reality, it has been seen that they are numbers only in a conceptual, potential sort of way:

We can make statements, within a certain conventional system, about all the members of an infinite class, and…we can clearly identify certain classes which have an infinite number of members, and even say, using new conventions, what the cardinal number of their members is.  But beyond that Cantor tells us nothing about actual infinity.

The story of Tristam Shandy shows how absurd actually infinite time is.  Tristam takes a year to write a journal entry for a single day, thus rapidly falling behind.  But if there were such a thing as infinite time, he would have an equal number of years as days, thus being able to complete his journal while at the same time being infinitely far behind.  This is absurd, and it agrees with Kant’s view that only future time is infinite: that is, there is potentially another interval after the current one.  The infinite, although called actual by Cantor and others, is still always potential; all Cantor did was figure out a way to use such an idea in mathematics.  Aristotle was correct when he said that infinity is a potential idea and is based on the charateristic of the thing to which it is applied: the continuum is infinitely divisible because it is the continuum; an infinite set is infinite because a rule is given that always allows for more elements to be identified.

In addition, mathematics according to the Formalist approach is made of symbols which can only be applied where logically consistent.  One cannot speak of 3.43 cows grazing in a field, but one can speak of a farmer owning 3.43 cows (if he has a share in a larger herd), so long as it is recognized that there is no 0.43 cow.
  Thus infinite numbers are useful, but this does not mean that they can automatically be applied to time or other aspects of the universe.


In addition to the philosophical impossibility of having an actual infinity of anything, science supports the argument for a beginning to the universe.  Based on the Hubble constant (associated with the rate of expansion) and the deceleration parameter (which is associated with how this expansion is slowing down), the universe is about 15 billion years old,
 and it began at infinite density, that is, of no size.
  In this sense Craig even says that it began ex nihilo.  Some may ask where or when this happened, but this is a nonsense question, since there was no where or when.  “The point-universe was not an object isolated in space; it was the entire universe, and so the only answer can be that the big bang happened everywhere.”
  Moreover, the inability of scientists to find enough density in the universe lead four of the “world’s leading astronomers” to say that the universe appears to be open: it will keep expanding forever.
  If it had existed for an infinite amount of time already, it would be too sparse to contain life.


So the universe had a beginning.  The other premise is that what has a beginning of existence has a cause of its existence.  It cannot have a material cause, since material would require that the universe already existed.  Therefore it must have only an efficient cause: God.  Against this Kant posed an antithesis to his own first antimony, arguing that the universe could not have a beginning and must be infinite, or else it would not exist at all.  For if it did have a beginning, it would have already begun.  Craig turns this around using the philosophy of Al-Ghazālī to argue not only that God created the universe, but that God must be personal: “When two different states of affairs are equally possible and one results, this realization of one rather than the other must be the result of the action of a personal agent who freely chooses one rather than the other.”


Quentin Smith tried to counter all these arguments, but failed because he treated real events as abstract math and potential as actual.
  Finitists argue that infinite time past would require there to be an event that was infinitely distant from another event, which is impossible since events, or intervals of time, proceed successively, like counting; counting can never cross from finite to infinite.  Smith tried to solve this by showing that no negative number is separated from zero by more than a finite amount, yet there are infinite numbers.  The problem is that there are only potentially, not actually, infinite negative numbers, whereas events are actual.

V. E.  Emmanuel Levinas and The Infinite Other

While William Craig denied an infinite universe as a premise to the conclusion of a personal God, Emmanuel Levinas affirmed infinity as the thing that keeps man within his proper bounds.  Levinas was not talking about infinity in nature, but about the conception of infinity in the mind.  Because the human mind is finite and has only finite experience, Levinas argued that the idea of the infinite “has been put into us.  It is not reminiscence.”
  This had previously been used by Descartes as a proof of God’s existence: “Thought cannot produce something which exceeds thought; this something had to be put into us.  One must thus admit to an infinite God who has put the idea of the Infinite into us.”

This thing that is out of man’s control teaches him justice: “One must have the idea of infinity, which…is also the idea of the perfect, to know my own imperfection.”
  Thus infinity prevents an entirely egotistic and unjust philosophy by binding freedom with a sense of shame and forcing it to realize “the other” that does not belong to “the same.”
  “Totalizers” reject the sense of the infinite and try to organize systems around themselves, to comprehend all, and to make the system absolute.  The result is the “tyranny of power systems which free men should resist.”
  “Infinitizers” appeal to the idea of the Infinite, so that in limiting their freedom they preserve the freedom to question man-made systems or even the entire course of human history.

Infinity for Levinas is thus the foundation of ethics; but it is also the foundation for desire: “The idea of infinity is a thought which at every moment thinks more than it thinks.  A thought that thinks more than it thinks is a desire.”
  All other desires are weak analogies to the desire for the Infinite, since these other desires deceive in satisfaction and in increasing emptiness.  But true desire, unlike need, “nourishes itself on its own hungers and is augmented by its satisfaction.”
  Ethics and desire are thus bound together in the Infinite.  Infinity is something positive toward which humans strive, and at the same time it humbles them.  Just as mathematicians seek to comprehend the infinite, so do all men.  But to think that this desire can be quenched, or that the Infinite can be conquered, leads to the Tower of Babel.  The search for Infinity is a part of the longing for God that God Himself put in the hearts of man.

VI. Conclusion


Mathematics and philosophy both have a sense of something unbounded and limitless, but science and philosophy have shown that this thing is out of this world.  Yet God interacts with the world, implanting the idea of infinity in the souls of man and even enabling him to conceptualize infinity and put it to good use in the language of mathematics.  It inspires great desire, a desire to discover and know, and yet when correctly understood it also brings humility that prevents the mathematician, philosopher, cosmologist, or anyone else from thinking that he can explain everything.

These conclusions are evident in the history of infinity.  Aristotle “knew” infinity by recognizing that it could never be fully known.  Gregory of Nyssa happily strove toward the Infinite as the unapproachable goal.  The Church suppressed Bruno, who distorted infinity by squeezing it into himself, but produced scholars who were willing to think openly about the possibilities of infinity.  The Calculus of Newton and Leibniz was incredibly rewarding, even though it only approached and never reached the infinite.  Likewise Cantor’s transfinites, while only relatively infinite and incapable of ascending to the Absolute Infinite, gave great freedom to mathematics.  The geometries of Euclid, Lobachevsky, and Bolyai hinge on what happens at infinity and provide rich languages for describing the universe.  Kant and Einstein proved that the universe is finite in every way, while Levinas showed that the universe is permeated by the Infinite.  All through history, infinity has been an unattainable goal which gives proper orientation to finite human understanding.

Infinity also shows human limitation: Lucretius, Bruno, Bertrand Russell, and Quentin Smith all built atheistic worlds based on faulty understandings of infinity.  Those with a false view of infinity conclude that it “undermines our sense of the precious” by suggesting, for example, that “a randomly infinite universe will eventually conjure up the works of Shakespeare, somewhere, as if created by a regiment of monkeys armed with typewriters.”
  And if our sense of the precious is gone, then nothing prevents us from acting with inhumanity and cruelty, the exact opposite of the ethics of Levinas and contrary to man’s innate sense of justice.

It should be clear now what infinity is, where it exists, and how it developed.  From the paradoxes of Zeno to the set theory of Cantor, infinity has remained a potential, something endless that cannot of be grasped as a full infinite.  Mathematics has developed precise definitions in order to make good use of infinity, but this is only a clear way to deal with a potential infinite.  In philosophy, the infinite reveals that there is more to a man than himself and urges him to live according to an order exterior to himself.  In religion, the Infinite is above all else, knowable and unknowable, always satisfying and never satiating.  In cosmology, there is no infinite, forcing the question: where does the sense of the infinite come from?  In the end, infinity is not really a complicated idea.  All it is saying is that the human mind has sense of something always beyond what it can comprehend.  All that is left is to follow where the Infinite leads, not trying to dominate it by building a Tower of Babel, but by humbly drawing from a well that never runs out.

Appendix A

Cantor’s Proof that the Rationals are Denumerable

Step 1: create a pattern that lists ALL the rational numbers.  In fact, this lists many of them more than once (1/1 = 2/2 = 3/3 …).

1/1
1/2
1/3
1/4 
1/5…

2/1
2/2
2/3
2/4…

3/1
3/2
3/3…


4/1
4/2…

5/1…

…

Step 2: Assign an integer to each, making sure to miss none of them (using a zig-zag pattern):
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1
2
6
7
15…

3
5
8
14…

4
9
13…

10
12…

11…

…

Conclusion: There are the same number of rationals as naturals.

Proof that the Real Numbers are more than the Natural numbers.
To prove that the real numbers are more than the natural numbers, first assume that they are not more.  If this is the case, then we can match a natural number to each real number.  But imagine that all the real numbers are listed (started with the list below).  We create a number that is not included in the list by looking at the first digit of the first number, the second digit of the second number, and so on.  If the digit in question is not 1, then that digit in the number we create will be 1.  If the digit in question is 1, then the digit in our new number will be 2.  In this way, the new number is guarenteed to disagree with the nth number in our list at at least the nth digit.  Of course, if we add the new number to the list, we can just repeat the process.

This proof illustrates how “potential” all of this is.  Intuitionists have rejected it, saying that the infinities are equal since we can never actually run through all the digits.
0.92856719040…

0.01824729038…

0.71945872904…



Missing: 0.1211112…

0.27222722272…

0.33333333333…

0.14159720938…

0.14285714285…

…

Cantor’s Proof that the number of points in the line is equal to the number of points in the plane.
Express each point in the coordinate plane by two coordinate numbers in infinite decimal form.  Then the corresponding point on the line is the decimal which alternates the digits of the two coordinates.  For example, the point (2.83627…, 3.039727…) in the plane will be assinged to the point 2.380336927727… on the line.  This guarentees that there is a one-to-one correspondence, which is all that is required to show that the number of points on the plane and on the line are equal.

Proof that the Power Set is Always Larger than the original Set

Let f be any function from A to the power set of A. To establish Cantor’s theorem it must be shown that f is necessarily not surjective.  “Necessarily not surjective” means that it is impossible to map an element of A to every element of the power set of A.  To show this, we need a subset of A that is not in the image of f. That subset is
[image: image10.png]



To show that B is not in the image of f, suppose that B is in the image of f. Then for some y ∈ A, we have f(y) = B. Now consider whether y ∈ B or y ∉ B. If y ∈ B, then y ∈ f(y), but that implies, by definition of B, that y ∉ B. On the other hand, if y ∉ B, then y ∉ f(y) and therefore y ∈ B. Either way, we get a contradiction.  Therefore the power set of A is larger than A.

Appendix B

The Peano Curve
The limiting case of this progression is the entire plane.
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Construction of the von Koch snowflake.

The perimeter increases by 4/3 each time smaller triangles are added, so that the conceptualized completed snowflake has infinite perimeter.  The area increases by smaller and smaller amounts, so that the limit of the area is 8/5 the area of the original triangle.
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The Logarithmic Spiral
Constructed by means of rectangles having proportions according to the golden ratio.  Even though the spiral goes through infinite turns into the center, the length of the arc from D to the center is finite.
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